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ABSTRACT

In this paper we investigate the effect of policies to make the retirement age

dependent on the evolution of the survival probabilities on the distribution of the

future full retirement age and longevity risk in the discounted future payments

of both individuals and a fund as whole. In addition to the constant retirement

age, we use the following five policies to set the retirement age: a constant num-

ber of years in retirement, a constant fraction of years in retirement relative to

working years, a constant cost of retirement in a PAYG scheme, a constant cost

of retirement in a individual savings scheme, and a constant cost of retirement in

a funded scheme. We compare the policies in a setting where we forecast future

mortality rates to set the full retirement age and a setting where we use the latest

observed mortality data. We find that the latter one leads to less uncertainty in

the full retirement age and longevity risk in pension liabilities, but, on average, to

a higher increase in the full retirement age over time.
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1 Introduction

The life expectancy has seen a steady increase in most of the western world over the

past century. For example, the life expectancy at birth in the USA has increased from

47.3 years in 1900 to 68.2 years in 1950 to 72.6 years in 1975 to 76.8 years in 2000 to

77.7 years in 2006.1 For the uncertainty in the number of pension payments for either

the social security or a pension fund the remaining life expectancy at retirement age

provides a better insight in the expected number of payments to be made. The expected

remaining lifetime in the US of an individual aged 65 increased from 13.9 years in 1950

to 16.1 years in 1975 to 17.6 years in 2000 to 18.5 years in 2006. The potential effects of

trends in life expectancy on the value of pension liabilities present significant challenges

for governments as well as individual pension funds and life insurers. Not in the trend

itself, but in the fact that the future development of the life expectancy is uncertain is

the major challenge. Indeed, although the past trends suggest that further increase in

life expectancy is to be expected, there is considerable uncertainty regarding the future

development of life expectancy. We refer to systematic longevity risk as the uncertainty

regarding the future development of mortality.

In 1983, there have been some amendments made in the U.S. social security act. These

amendments include an increase of the full retirement age over time. In Table 1 the full

retirement age in the US is given as a function of the year of birth.

1Source: National Center for Health Statistics. Health, United States, 2009: With Special Feature
on Medical Technology. Hyattsville, MD. 2010; Table 24. Data 1900 is of the death registration area
only which was only 10 states and the District of Columbia (D.C.) in 1900. Other years coterminous
United States.
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Table 1: The full retirement age in the United States

Year of birth Normal Retirement Age
1937 and prior 65 years
1938 65 years and 2 months
1939 65 years and 4 months
1940 65 years and 6 months
1941 65 years and 8 months
1942 65 years and 10 months
1943-54 66 years
1955 66 years and 2 months
1956 66 years and 4 months
1957 66 years and 6 months
1958 66 years and 8 months
1959 66 years and 10 months
1960 and later 67 years

This table displays the full retirement age, also referred to as “full retirement
age,” in the United States. Persons born on January 1 of any year should
refer to the full retirement age for the previous year.

Between 2003 and 2009 the full retirement age increased annually with two months and

will again annually increase with two months between 2021 and 2027. The increase

in full retirement age does not necessarily mean that individuals have to retire later.

Individuals can start receiving their social security benefits as early as age 62 or as late

as age 70, independent of the full retirement age. Receiving benefits earlier than the

full retirement age would reduce the benefits by a fraction of a percent for each month

before your full retirement age. For example, at age 62 the benefits are 75% of the

retirement benefits at the full retirement age for a worker with a full retirement age of

66, and a 70% for a worker with a full retirement age of 67. Similar, delaying retirement

claiming increases the yearly payments of the social security. Hence, although there is

an increase in the full retirement age, individuals can choose optimally when they would

start claiming retirement benefits and when to retire.

Changes in the value of pension liabilities due to changes in life expectancy are substan-

tial. Biffis and Blake (2009) report that every additional year of life expectancy at age

65 is estimated to add at least 3% to the present value of U.K. pension liabilities and

calculations from Eurostat indicate that an increase in the life expectancy at birth of
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one year leads to an increase of, an average, 0.3% of the GDP of the public pension ex-

penditure in the EU.2 This clearly illustrates the need to consider interventions that can

mitigate the adverse effects on pension and insurance providers, while still guaranteeing

an adequate level of retirement and insurance benefits to policyholders. In the U.S. the

social security had 42,826,421 beneficiaries in the Old-Age and Survivors Insurance at

the end of 2009, and the payments in 2009 were $564.3 billion.3 The aggregate defined

benefit pension plan liabilities of S&P 500 companies were $1.45 trillion in 2008 and the

total pension fund assets were 67.8% of the GDP in the U.S. in 2009.4 These numbers

clearly indicate that increasing the full retirement age in order to offset the negative ef-

fect of an increase in the life expectancy to the value of both social security and defined

benefit pension liabilities is important.

The increase in life expectancy at retirement put more pressure on the sustainable of

the old age pension system. In this paper we propose policies to increase the retirement

age and investigate their effects on the retirement age, expected remaining lifetime at

retirement and the value pension liabilities. The full retirement age will be dependent

on the evolution of the survival probabilities the future full retirement age itself will be

random variable. In order for the policies to be sustainable we look at three conditions,

namely: the uncertainty in retirement age should not be too large, the remaining lifetime

at retirement should increase over time, the pension contributions should stay, more or

less, constant over time. We refer to the full retirement age as the age at which full state

pension can be claimed. Defined pension plans can then use this full retirement age of the

government to set the age at which full pension benefits can be claimed, which allows the

plans to reduce systematic longevity risk and a more constant contribution for pension

benefits over time. Notice that we focus on the full retirement age, because individuals

may choose to retire earlier or later at an actuarial fair exchange rate, depending on

their own situation. Given the evolution of the full retirement age over time dependent

on the evolution of the survival probabilities, we investigate how much longevity risk

there is in a portfolio of pension liabilities.

2Source: European Commission and the Economic Policy Committee (2009).
3Source: Social Security Online, www.socialsecurity.gov.
4Source: OECD Global Pension Statistics.
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2 Model

Our goal in this paper is to investigate the effect of longevity risk on the policies which

adjust the full retirement age to changes in the evolution of survival probabilities and the

effect on the cost of pensions. In Subsection 2.1, we formally define the full retirement

age policies. In Subsection 2.2 we quantify the value of the pension liabilities. Next,

in Subsection 2.3 we describe the method to forecast the future survival probabilities,

which is detailed described in Appendix A. Finally, in Subsection 2.4 we formally define

the method to estimate the best estimate of the forecasted survivor probabilities, which

are used to determine the full retirement age.

2.1 Normal retirement age policies

The increase in life expectancy the last decades, especially the increase in the remaining

life expectancy at retirement, puts pressure on the substantiality of a retirement age

which is independent of the remaining life expectancy. Several countries, such as, among

others, the United States, Germany, United Kingdom, and France, have already decided

to increase the retirement age. In these countries the increase in retirement age is

justified by the increase in life expectancy in the past decades. For an individual, who

is a financially planning his retirement, both his remaining life expectancy at retirement

and the full retirement age will influence the age at which he optimally would retire. The

remaining life expectancy influences whether the individual thinks his non-annuitized

wealth is enough such that retiring, i.e, withdrawing from the labor market, maximizes

his lifetime utility of consumption and leisure. The full retirement age influences the

decision to retire by the number of years the individual has to wait until he receives

state pension or the level of the state pension income he yearly receives. Although there

is no formal policy to adjust the retirement age to the remaining life expectancy, the

individual may consider that there is a probability that the retirement age will change

over time. By explicitly making the retirement dependent on the evolution of the life

expectancy, individuals can take the uncertainty in the retirement age into account when

saving for retirement. Moreover, it may lead to a better allocation of longevity risk faced

by the government, pension funds, and individuals.

In this paper we investigate the effect of five different policies to make the full retirement
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age dependent on the life expectancy and a policy where the full retirement age is

independent of the evolution of the life expectancy. The six policies are:

1. Constant retirement age. In this policy the increase in life expectancy will

only lead to more years in retirement, the number of working years is independent

of the life expectancy. The full retirement age, in this policy, is set independent

of the evolution of the life expectancy. Let RetAgeIt be the retirement age in this

policy at time t (with t = 0 the last year of available mortality data), which is

given by:

RetAgeIt = RetAgeI0, (1)

hence, independent of the evolution of the survival probabilities, the full retirement

age is time independent.

2. Constant number of years in retirement. In this policy the increase in life

expectancy will only lead to more years in the labor force, the number of years in

retirement is independent of the life expectancy. Hence, the expected number of

years an individual is in retirement does not change over time in this policy. Let

Tx,t be a random variable representing the time-t remaining life expectancy of an

individual with age x at time t and RetAgeC0 be the current retirement age, then

the retirement age in this policy at time t (RetAgeCt ) is given by solving:

E0

[
TRetAgeC0 ,0

]
= Et

[
TRetAgeCt ,t

]
. (2)

3. Constant fraction of years in retirement relative to working years. In

this policy the increase in life expectancy leads both to an increase in the number

of working years and an increase in the number of year in retirement. We assume

that an individual starts working at the age of 25, so the number of working years

is equal to the retirement age minus 25. The retirement age at time t in this policy

(RetAgeRt ) is obtained by solving:

E0

[
TRetAgeR0 ,0

]

RetAgeR0 − 25
=

Et

[
TRetAgeRt ,t

]

RetAgeRt − 25
. (3)
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4. Constant cost of retirement in a PAYG scheme. This policy is close to the

policy with a constant fraction of years in retirement relative to working years.

The difference is that this policy also take into account the evolution of the survival

probabilities until retirement. The policy states that the fraction of the expected

number of years in retirement for a 25 year old individual, conditional on the

systematic longevity risk information up to the retirement age relative to the

expected number of years in the labor force for a 25 year old individual, conditional

on the systematic longevity risk information up to the retirement age should be

constant over time. Let 1SRP
t
= 1T

25,t−RetAgeP
t

+25
≥RetAgePt −25 be an indicator function

which equals one if an individual survives until retirement age, conditional on

being alive at the beginning of the labor participation, i.e., at age 25. Then the

retirement age at time t (RetAgePt ) in this policy is obtained by solving:

E0

[
1SRP

t
· TRetAgeP0 ,0

]

E0

[
max

{
T25,0−RetAgeP0

, RetAgeP0 − 25
}] =

Et

[
1SRP

t
· TRetAgePt ,t

]

Et

[
max

{
T25,t−RetAgePt

, RetAgePt − 25
}] .

(4)

Note that, in case when the number of people at the age of 25 is constant over time

this policy would imply a constant dependency ratio over time, since the numerator

is equal to the expected number of years in retirement and the denominator is equal

to the number of years in the working force, adjusted to the probability of being

alive.

5. Constant cost of retirement in a individual savings scheme. Individuals

in a defined contribution scheme save for retirement. This policy to adjust the

retirement age to changes in the life expectancy is to set the retirement age such

that both the pension income and the pension contribution do not change over

time. Hence, an increase in life expectancy leads only to more contribution due

to a longer working life. The retirement age in this policy at time t (RetAgeSt ) is
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given by solving

E0

[∑
s≥0 1TRetAgeS0 ,0

≥s · P
(s)
0

]

Et

[∑0
s=t−RetAgeS0−25

1

P
(s)
t

] =
Et

[∑
s≥0 1TRetAgeS

t
,t
≥s · P

(s)
0

]

Et

[∑t
s=t−RetAgeSt −25

1

P
(s)
t

] , (5)

where P
(s)
t is the date-t value of one unit to be paid at time t + s.

6. Constant cost of retirement in a funded scheme. Individuals in a defined

benefit scheme save for retirement. The final policy to adjust the retirement age

to changes in the life expectancy is to set the retirement age such that both the

pension income and the pension contribution do not change over time. Hence, an

increase in life expectancy leads only to more contribution due to a longer working

life. The retirement age in this policy at time t (RetAgeFt ) is given by solving

E0

[
1SRF

0
·
∑

s≥0 1TRetAgeF
0

,0
≥s · P

(s)
0

]

E0

[∑0
s=0−RetAgeF0 −25

1T
25,0−RetAgeF0 +25

≥s

P
(s)
0

] =
Et

[
1SRF

t
·
∑

s≥0 1TRetAgeF
t

,t
≥s · P

(s)
t

]

Et

[∑t
s=t−RetAgeFt −25

1T
25,t−RetAgeF

t
+25

≥s

P
(s)
t

] ,

(6)

where the numerator is equal to the expected cost of a nominal retirement income

of one at retirement for a 25 year old individual, conditional on the evolution of the

survival probabilities until retirement and the denominator is equal to the expected

value at retirement for a 25 year old individual of a yearly pension contribution of

one until retirement.

For all policies we set the full retirement age as a multiple of two months, i.e., we round

the full retirement age to the nearest two months.

2.2 Quantifying longevity risk

Longevity risk affects individuals, pension funds, and the government. Individuals are

affected by longevity risk because the evolution of the survival probabilities affects the

full retirement age and the individual’s lifespan and thereby it determines, among other

things, the (optimal) yearly consumption level. Pension funds and governments are
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affected by longevity risk because their pension payments and the social security pay-

ments, respectively depend on the full retirement age and lifespan of the pension plan

members and inhabitants, respectively. In this paper we focus on the actuarial view of

longevity risk, i.e., the uncertainty in the future payments by governments or pension

funds due to uncertainty in the individual’s lifespan.

There are several alternative approaches to measure longevity risk in liabilities that

consist of a stream of payments at future dates (see, e.g., Olivieri and Pitacco 2003 and

De Waegenaere, Melenberg, and Stevens 2010). Our measure of longevity risk is the

extent to which the present value of future payments is affected by uncertainty in the

remaining lifetime of the individual. For an individual age x at time t we focus on the

probability distribution of the present value of a normalized yearly pension income of

one, i.e.:5

L̃(p, x, t) :=





1Tx,t≥RetAgept
·
R(x)·(⌈RetAgept ⌉−RetAgept )

(1+r)RetAge
p
t
−x

+
∑110−x

τ=max{⌈RetAgept ⌉−x,1} 1Tx,t≥τ ·
R(x)

(1+r)τ
, if x < RetAgept

∑110−x

τ=max{⌈RetAgept ⌉−x,1} 1Tx,t≥τ ·
R(x)

(1+r)τ
, if x ≥ RetAgept

(7)

where r denotes the (time-independent) risk free interest rate, R(x) = min
{
1, x−25

41

}

is the current accrued right (assumed linear over the working life, no new rights are

accrued) for an individual aged x, and p ∈ P = {I, C,R, P, S, F} representing the

different policies to adjust the retirement age to changes in life expectancy. Note that

both the moment of the first payment and the number of payments made are a random

variable which depend on the evolution of the survival probabilities and the individual’s

lifespan.

Let It(x) represent the set of the individuals with age x at time t which are still alive.

The probability distribution of the present value of a normalized pension income of one

for a fund (for example the inhabitants in a country in case of social security) is given

5We assume that the probability that an insured reaches the age of 111 is negligibly small. Our
focus is on the relative importance of longevity risk in the types of policy to adjust the retirement age.
We ignore interest rate risk.
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by

L̃(t) :=

110∑

x=25

∑

i∈It(x)

L̃(x, t). (8)

2.3 Forecasting survivor probabilities

As argued above, our focus in this paper is on how the full retirement age should be

adjusted to changes in the evolution of the survival probabilities and it effect on the

pension liabilities and the expected remaining lifetime at retirement. The pension lia-

bilities and the full retirement age are affected by uncertainty in the remaining lifetimes

of the participant. The present value of the future payments is affected by two types of

longevity risk:

• non-systematic longevity risk, because L̃(p, x, t) depends on the remaining lifetime

of the individuals, and, conditional on given survival probabilities, these remaining

lifetimes are random variables;

• systematic longevity risk, because survival probabilities for future dates are random

variables.

However, it is well-known that non-systematic longevity risk becomes negligible in large

pools (see, e.g., Olivieri 2001; Olivieri and Pitacco 2003; Hári et al. 2008, and De

Waegenare et al. 2010). In contrast, systematic longevity risk does not decrease with

portfolio size. Our focus therefore is on the effect of systematic longevity risk on the

different types of policies to adjust the retirement age. Then, the random variables of

interest are given by:

ERL(x, t) :=

110−x∑

τ=1

E
[
1Tx,t≥τ |F∞

]

L(p, x, t) :=E

[
L̃(p, x, t)|F∞

]

=





E
[
1Tx,t≥RetAgept

|F∞

]
·
R(x)·(⌈RetAgept ⌉−RetAgept )

(1+r)RetAge
p
t
−x

+
∑110−x

τ=max{RetAgept−x,1} E
[
1Tx,t≥τ |F∞

]
· R(x)
(1+r)τ

, if x < RetAgept
∑110−x

τ=max{RetAgept−x,1} E
[
1Tx,t≥τ |F∞

]
· R(x)
(1+r)τ

, if x ≥ RetAgept

(9)
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where F∞ denotes the set of all future death rates and ERL(x, t) is the expected re-

maining lifetime at age x in year t. Thus, L(p, x, t) is a random variable that depends

on future death rates, and our goal is to investigate how the probability distribution of

L(p, t) depends on the policy to adjust the full retirement. In order to do so, we proceed

as follows:

1. We set the number of individuals alive at age 25 for all time periods equal to the

normalized value of one. We determine ERL(x, t) and L(t) as a linear combination

of the survival probabilities and the present value of payments of a normalized

pension income, respectively which are given by:

ERL(x, t) =
110−x∑

τ=1

τpx,t (10)

L(p, x, t) =





E
[
1Tx,t≥RetAgept

|F∞

]
·
R(x)·(⌈RetAgept ⌉−RetAgept )

(1+r)RetAge
p
t
−x

+
∑110−x

τ=max{RetAgept−x,1} E
[
1Tx,t≥τ |F∞

]
· R(x)
(1+r)τ

, if x < RetAgept
∑110−x

τ=max{RetAgept−x,1} E
[
1Tx,t≥τ |F∞

]
· R(x)
(1+r)τ

, if x ≥ RetAgept

=





RetAgept−xpx,t ·
R(x)·(⌈RetAgept ⌉−RetAgept )

(1+r)RetAge
p
t
−x

+
∑110−x

τ=RetAgept−x τpx,t ·
R(x)

(1+r)τ
, if x < RetAgept∑110−x

τ=1 τpx,t ·
1

(1+r)τ
, if x ≥ RetAgept

(11)

L(p, t) =

110∑

x=25

Et

[
1T25,t−x+25≥x−25 · L̃(p, x, t)|F∞

]

=
110∑

x=25

x−25p25,t−x+25 · L(p, x, t), (12)

where

• px,t denotes the probability that an x-year-old at date-t will survive at least

another year;

• τpx,t = px,t·px+1,t+1·· · ·px+τ−1,t+τ−1 denotes the probability that an x-year-old

at date-t will survive at least another τ years.

2. We use stochastic forecast models to forecast the probability distribution of future

survival probabilities px,s, for s ≥ t. We include either both process risk and
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parameter risk or process risk, parameter risk, and model risk. To incorporate

model risk, we estimate the models developed by Lee and Carter (1992), and

Cairns, Blake, and Dowd (2006). To estimate the parameters in each model, we

use age-, and time-specific numbers of death and exposures to death for the United

States, obtained from the Human Mortality Database.6 For a detailed description

of the models, the estimation techniques, and the parameter estimates, we refer

to Appendix A.

2.4 Best estimates forecasted survivor probabilities

The policies to adjust the full retirement age to changes in the evolution of the survival

probabilities generally depend on the distribution of the number of years the individuals

will life, as can be observed from equations (2)–(6). At each year, when the government

sets the full retirement age depending on the policies, it is required to forecast the future

survival probabilities. For the forecast we will use a best estimate forecasted life table

which depends on the evolution of the survival probabilities up to the time of the decision

to set the full retirement age. There are many methods to forecast the evolution of the

life expectancy, which will affect the estimate of the best estimate forecasted survival

probabilities and hence the full retirement age. In this paper we will investigate two

methods for deriving the best estimates forecasted survivor probabilities, namely using

a:

• period table, where the time-t future survival probabilities are equal to the time-t

survival probabilities, i.e., it is assumed that the future survival probabilities do, in

expectation, not change over time. Let q
P (t)
x,s be the time-t best estimate one-year

mortality probability of a x-year old at time s using the period forecasted best

estimate mortality table, we have that q
P (t)
x,t+τ = qx,t;

• cohort table, where the time-t future survival probabilities are forecasted using

the Lee-Carter model.7 Let a
BE(t)
x , b

BE(t)
x , and k

BE(t)
t be the best estimate of the

6Freely available at www.mortality.org.
7The Lee-Carter (1992)-model has been adopted by the U.S. Census Bureau, among others, and

was viewed favorably by the Social Security Administrations 1999 technical advisory panel (The Social
Security Technical Panel on Assumptions and Methods 1999, p.64).
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parameters8 in the Lee-Carter (1992)-model conditional on the information up to

time t, then the time-t best estimate cohort mortality table for an individual age

x in year t + τ is given by q
C(t)
x,t+τ = 1− exp

(
− exp

(
a
BE(t)
x + b

BE(t)
x k

BE(t)
t+τ

))
.

For the cohort best estimate mortality table the parameters a
BE(t)
x , b

BE(t)
x , and k

BE(t)
t

have to be estimated using the mortality data up to time t. The Lee-Carter (1992)-model

assumes a constant trend and no age-time interaction (i.e., bx is time-independent).

However, among others, Booth et al. (2002) find that the mortality experience in the

industrialized world seems to suggest a substantial age-time interaction in the twentieth

century. In the forecasts of our survival probabilities we also allow for model risk,

which may also violate the assumptions in the Lee-Carter (1992)-model. To set the

full retirement age in the different policies if either a trend change and/or a change in

the age dependent parameter is observed this should be reflected in the best estimate

mortality table in order to efficiently reduce the effect of systematic longevity risk in the

value of pension liabilities. In order to obtain time-independent parameters it is common

to estimate the parameters in the Lee-Carter model using a shorter time horizon than

available, see, for example, Lee and Miller (2001) and Booth et al. (2002). However,

a too short time horizon to estimate the parameters would lead to changes in the best

estimate parameters due to the yearly innovations rather than trend changes. Hence, a

too short time horizon to estimate the best estimate parameters in the Lee-Carter model

leads to variation in the full retirement age due to the yearly innovations, whereas a too

long time horizon would not incorporate changes in the parameters over time. Therefore,

we use a rolling window of 20 years to estimate the parameters for the best estimate

cohort life table.

To set the full retirement age the determination of the future life tables should be

consistent over time. Moreover, governments may prefer a simple but good model to

a complex but better model to forecast future survival probabilities. In this paper we

assume that the government sets the cohort best estimate life table using a simple variant

8Note that the best estimate mortality table is obtained by using only the best estimate of the
parameters. Hence, it neglige the uncertainty in the parameters. The variables of interest, i.e., the
survival probabilities, are non-linear transformations of the parameters in the Lee-Carter model, which
implies that the survival probabilities obtained using the best estimate mortality table are not exactly
equal to their expectation allowing for uncertainty. However, since there is no closed form expression of
the expectation of the one year mortality probabilities it would require many simulations to accurately
obtain the best estimate mortality table.
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of the Lee-Carter model, whereas the forward survival probabilities are calculated using

either process risk and parameter risk or process risk, parameter risk, and model risk.

Let us now describe the method to obtain the parameters a
BE(t)
x , b

BE(t)
x , and k

BE(t)
t . The

method is based on the Lee-Carter model which is described in Appendix A.1. Let Dx,s,

Ex,s be the number of deaths and exposed to death in year s with age x, respectively.

Let σi, ui(x), and vi(t) be the (ordered) singular values and respective left and right

singular vectors of the matrix Z with components Zx,s = log
(

Dx,s

Ex,s

)
−
∑t

τ=t−19

log
(

Dx,τ
Ex,τ

)

20

for x ∈ {25, . . . , 110} and s ∈ {t− 19, . . . , t}. The parameter b
BE(t)
x is given by:

bBE(t)
x =

u1(x)∑
x u1(x)

. (13)

The parameter ks = σ1 · v1(s) ·
∑

x u1(x) is re-estimate such that the estimated number

of deaths (with ǫx,s = 0) using the estimates of ax =
∑t

s=t−19

log
(

Dx,s
Ex,s

)

20
and bx as given in

equation (13) equals the observed number of deaths. Hence, ks is obtained by solving:

∑

x

Dx,s =
∑

x

Ex,s · exp (ax + bxks) for s = t− 19, . . . , t (14)

which requires future number of exposure to death. For τ ≥ 0 we set E25,t+τ = E25,t and

for x ≥ 25, τ ≥ 0 we set Ex+1,t+τ+1 = Ex,t+τ − Dx,t+τ . In order to prevent a jump-off

bias (see also Appendix A.1) we set a
BE(t)
x such that the current mortality probabilities

equals the mortality probabilities in the Lee-Carter model (with ǫx,t = 0):

aBE(t)
x = − log (log (1− qx,t)) (15)

and the parameter k
BE(t)
t+τ is the best estimate of a a forecasted random walk with drift,

i.e.,

k
BE(t)
t+τ =τ · cBE(t) (16)

cBE(t) =
kt − kt−19

20
.
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3 Normal retirement age

In this section we investigate the effect of the different policies to adjust the full retire-

ment to changes in the life expectancy. We set the current retirement age equal to 66,

i.e., RetAgep0 = 66 for all p ∈ P. In Section 3.1 we determine for each policy what the

evolution of the full retirement age would have been from 1933 (in case of the period

best estimate table) or 1953 (in case of the cohort best estimate table) up to 2006. In

Section 3.2 we investigate what the evolution of the distribution of the future full re-

tirement will be in all policies. We determine the evolution of the full retirement age in

case of only process risk and parameter risk in the forecasted evolution of the forward

survival probabilities using the Lee-Carter model as described in Appendix A.1 and in

case of process risk, parameter risk, and model risk in the forecasted evolution of the

forward survival probabilities as described in Appendix A.

3.1 Backtesting the full retirement age

In this paper we investigate the effect of allowing the full retirement age to be depen-

dent on the evolution of the survival probabilities. This section describes how the full

retirement age would have evolved in the past when these policies would have been

implemented. In Figure 1 the retirement age is given for the five policies to adjust the

full retirement age to changes in the evolution of the survival probabilities.
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Figure 1: Backtesting the full retirement age.
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This figure displays the full retirement over time given that the current
retirement age is 66 years, i.e., RetAgep0 = 66 for p ∈ {C,R, P, S, F}. The
upper panel displays the evolution of the full retirement from 1933 to 2006
using a period best estimate mortality table; the lower panel displays the
evolution of the full retirement from 1953 to 2006 using a cohort best estimate
mortality table. The solid curves correspond to p = C, the dashed curves
correspond to p = R, the dashed-dotted curves correspond to p = P , the
dotted curves correspond to p = S, and the solid-dotted curves correspond
to p = F .

From Figure 1 we observe that, as expected, the different policies for the full retirement

age would have led to an increase in the full retirement age over time. Especially around

1976 we observe a large increase in the full retirement age for most policies. Although

we observe an increase in the full retirement age from 1953 to 2006 of depending on

the policy varying from 3 years and 6 months (for p = C) to 7 years and 2 months (for

p = S), the policies would not only have led to annual increases in the full retirement age,
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but also to annual decreases in the full retirement age. Let ∆Rp
s = RetAgeps−RetAgeps−1

be the annual change in the full retirement age in policy p between time s − 1 and s.

Table 2 summarizes the effects of the policies on the probability of an annual change in

the full retirement age over time in the investigated time period.

Table 2: Backtesting the full retirement age

p min (∆Rp
s) P (∆Rp

s<−2) P (∆Rp
s=−2) P (∆Rp

s=0) P (∆Rp
s=2) P (∆Rp

s>2) max (∆Rp
s) E [∆Rp

s ]
Period best estimate mortality table

C -8 8.3% 13.9% 12.5% 31.9% 33.3% 8 1.6
R -6 1.4% 18.1% 29.2% 34.7% 16.7% 4 0.9
P 0 0.0% 0.0% 55.6% 44.4% 0.0% 2 0.9
S -4 1.4% 12.5% 37.5% 43.1% 5.6% 4 0.8
F -2 0.0% 1.4% 58.3% 40.3% 0.0% 2 0.8

Cohort best estimate mortality table
C -10 15.4% 5.8% 21.2% 19.2% 38.5% 12 1.5
R -6 11.5% 11.5% 28.8% 25.0% 23.1% 8 0.9
P -4 7.7% 9.6% 25.0% 44.2% 13.5% 6 1.0
S -4 7.7% 15.4% 25.0% 38.5% 13.5% 6 0.8
F -4 1.9% 15.4% 30.8% 40.4% 11.5% 4 0.9

This table displays the effect of the different policies to adjust the full retire-
ment age on the annual changes in the full retirement age for the investigated
time period, with ∆Rp

s = RetAgeps − RetAgeps−1 given in months.

From Table 2 we observe that the different policies would have led to a substantial

probability of an annual change in the full retirement age. Moreover, these annual

changes in the full retirement age can be large, up to one year, both positive and

negative. The constant cost of retirement in a PAYG scheme policy and the constant

cost of retirement in a funded scheme policy would have led to a more stable evolution

of the full retirement age over time than the constant number of years in retirement and

the constant fraction of years in retirement relative to working year policy. Individuals

would prefer a stable change of the full retirement age over time, and from that point

of view they would prefer the constant cost of retirement in a PAYG and the funded

scheme policies over the other three policies.
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3.2 Forecasting the full retirement age

In this section we investigate the effect of the the different policies on the future dis-

tribution of the full retirement age. The full retirement age depends on the evolution

of the survival probabilities and hence future full retirement ages depends on the evo-

lution of the survival probabilities. For the evolution of the survival probabilities we

use either the Lee-Carter (1992)-model with both process risk and parameter risk, as

explained in Appendix A.1 or using process risk, parameter risk, and model risk, using

survival probabilities of the Lee-Carter (1992)-model and Cairns-Blake-Dowd model, as

explained in Appendix A.

3.2.1 Process risk and parameter risk

Figure 2 and Table 3 summarizes the effect of changes of the evolution of survival

probabilities on the full retirement age for the next 50 years.
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Figure 2: Forecasting the full retirement age using process risk and parameter risk.
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This figure displays distribution characteristics of the future full retirement
given that the current retirement age is 66 years, i.e., RetAgep0 = 66 for
p ∈ {C,R, P, S, F}. Future survival probabilities are forecasted using the
Lee-Carter (1992)-model. The left panels display the evolution of the full re-
tirement using a period best estimate mortality table, the right panels using
a cohort best estimate mortality table. The upper panels display the evolu-
tion of the full retirement correspond to p = C, the second row correspond
to p = R, the middle panels correspond to p = P , the fourth row correspond
to p = S, and the lower panels correspond to p = F . The solid curves
correspond to the median quantile, the dashed-dotted curves correspond to
the 80% confidence interval, and the dashed curves correspond to the 95%
confidence interval.
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Table 3: Forecasting the full retirement age using process risk and parameter risk.

p P (∆Rp
s < −2) P (∆Rp

s = −2) P (∆Rp
s = 0) P (∆Rp

s = 2) P (∆Rp
s > 2) E [∆Rp

s ]
Period best estimate mortality table

C 0.9% 8.9% 33.6% 39.5% 17.0% 1.3
R 0.1% 6.7% 48.1% 40.9% 4.2% 0.9
P 0.1% 4.2% 44.5% 46.6% 4.6% 1.0
S 0.0% 5.5% 55.8% 37.2% 1.4% 0.7
F 0.0% 3.2% 51.0% 44.0% 1.8% 0.9

Cohort best estimate mortality table
C 6.6% 14.8% 26.9% 27.6% 24.2% 1.1
R 2.6% 15.0% 37.8% 32.8% 11.8% 0.8
P 1.2% 13.6% 44.3% 33.5% 7.4% 0.7
S 1.1% 13.6% 45.2% 33.7% 6.4% 0.6
F 0.4% 11.5% 52.2% 32.3% 3.6% 0.5

This table displays the effect of the different policies to adjust the full retire-
ment age on the annual changes in the full retirement age for the investigated
time period. Future survival probabilities are forecasted using the Lee-Carter
(1992)-model.

From Figure 2 we observe the hump-shaped pattern in the full retirement age using

cohort best estimate mortality table in the first twenty years, which is not observed in

the full retirement age using period best estimate mortality table. This is due to a large

increase in the life expectancy in the U.S. in the last decade. Because we estimate the

parameters in the cohort best estimate mortality table using the mortality experience of

the last twenty years, from time t ≥ 10 less observations are included of the past decade

with a large increase in the life expectancy. Moreover, for most policies, all except p = S,

we observe a relatively large increase in the first year. This is due to a generally increase

in mortality probabilities between 1987 and 1988, especially at advance ages. In the first

year the mortality experience from 1988 onwards is used to determine the best estimate

cohort mortality table, which therefore, in general, would lead to much higher decrease

in mortality probabilities than using the data from 1987 onwards. For p = S this is not

the case, because it only use the mortality probabilities after retirement and discount

the payments at advanced ages.

From Figure 2 and Table 3 we observe that the full retirement age in the median

scenario in 50 years from now increases between just over two years (in case of p = S)

and almost six years (in case of p = C). Moreover, the uncertainty in the future full
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retirement age is substantial and depends on the policy for the full retirement age.

For the policies p = C and p = R the uncertainty in the future full retirement age is

substantial larger than for the policies p = P, S, and F . The uncertainty in the future

full retirement age using the cohort best estimate mortality table is larger than using

the period best estimate mortality table. Comparing the uncertainty in the forecasted

full retirement age with the past experience using backtesting we observe that there is

much less uncertainty in the full retirement age over time in the forecast. This might

indicate that the Lee-Carter (1992)-model would underestimate longevity risk in the full

retirement age.

3.2.2 Process risk, parameter risk, and model risk

In this section we investigate the effect of model risk on the uncertainty in the future

full retirement age. This is particular of interest since the widely using Lee-Carter

(1992)-model can not capture trend changes or changes in the parameter bx, the age-

specific constant describing the relative speed of the change in mortality by age. In the

past trend changes have been observed and the time-independent assumption of bx has

been violated. Therefore, using different models to forecast the distribution of future

survival probabilities allows future survival probabilities not to follow the Lee-Carter

specification, but when determining the cohort best estimate mortality table still the

Lee-Carter method, as described in Section 2.4 using a rolling window of 20 years, is

used. Figure 3 and Table 4 display distribution characteristics of the evolution of the

full retirement age for the next 50 years using process risk, parameter risk, and model

risk for the forecast of the future survival probabilities.
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Figure 3: Forecasting the full retirement age using process risk, parameter risk,
and model risk.
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This figure displays distribution characteristics of the future full retirement
given that the current retirement age is 66 years, i.e., RetAgep0 = 66 for
p ∈ {C,R, P, S, F}. Future survival probabilities are forecasted using the
Lee-Carter (1992)-model and the Cairns-Blake-Dowd model. The left panels
display the evolution of the full retirement using a period best estimate
mortality table, the right panels using a cohort best estimate mortality table.
The upper panels display the evolution of the full retirement correspond to
p = C, the second row correspond to p = R, the middle panels correspond to
p = P , the fourth row correspond to p = S, and the lower panels correspond
to p = F . The solid curves correspond to the median quantile, the dashed-
dotted curves correspond to the 80% confidence interval, and the dashed
curves correspond to the 95% confidence interval.
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Table 4: Forecasting the full retirement age using process risk, parameter risk, and
model risk.

p P (∆Rp
s < −2) P (∆Rp

s = −2) P (∆Rp
s = 0) P (∆Rp

s = 2) P (∆Rp
s > 2) E [∆Rp

s ]
Period best estimate mortality table

C 6.1% 10.8% 25.8% 29.7% 27.7% 1.6
R 2.7% 10.7% 37.7% 34.7% 14.1% 1.0
P 1.3% 8.2% 37.2% 39.8% 13.4% 1.2
S 1.3% 10.0% 45.3% 35.2% 8.2% 0.8
F 0.5% 6.9% 44.0% 41.1% 7.5% 1.0

Cohort best estimate mortality table
C 15.4% 12.3% 19.0% 19.5% 33.8% 1.5
R 10.6% 14.1% 27.1% 24.6% 23.6% 1.0
P 7.5% 13.8% 31.6% 26.5% 20.6% 1.0
S 7.4% 14.7% 33.3% 27.3% 17.3% 0.8
F 4.5% 13.5% 38.4% 28.6% 14.9% 0.8

This table displays the effect of the different policies to adjust the full retire-
ment age on the annual changes in the full retirement age for the investigated
time period. Future survival probabilities are forecasted using the Lee-Carter
(1992)-model and the Cairns-Blake-Dowd model.

From Figure 3 and Table 4 we observe that the influence of model risk is that the

uncertainty in the future full retirement age increases. We observe that with model risk

the expected annual increase in the full retirement age and the uncertainty in the annual

change in full retirement age is approximately the same as the past 50 years, whereas

without model risk the expected increase and the uncertainty in the annual change in

future full retirement age is lower than the past 50 years. In contrast to the setting

with only process risk and parameter risk, the uncertainty in the full retirement age in

a setting with process risk, parameter risk, and model risk is comparable with the past

longevity risk in the full retirement age using backtesting.

Comparing the retirement age using a cohort best estimate mortality table and a

period best estimate mortality table we observe that the latter one leads to a smaller

increase in the retirement age, but a larger uncertainty in the changes in the retirement

age over time. The period best estimate mortality table leads to a too large increase

in retirement age, because the increase in life expectancy will become lower over time,

which is incorporated in the cohort best estimate mortality table, but not in the period

best estimate mortality table. Finally, we observe that the uncertainty in the retirement
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age using the cohort best estimate mortality table is larger than using the period best

estimate mortality table, because the trend of the mortality decrease, cBE(t) given in

equation (16), depends on the difference of mortality experience of two years (i.e., the

current year and 19 years before). Notice that all past 20 years of mortality data

influence the best estimate cohort mortality table due to the age specific speed b
BE(t)
x

which depends on all mortality data in the observation period.

4 Life expectancy at retirement

In the previous section we have seen that the policies to adjust the full retirement age to

changes in the evolution of the survival probabilities will in general lead to an increase

in the full retirement age. However, the increase in the full retirement age would usually

also, for most policies (except for p = C), coincide with a longer retirement period.

Hence, the extra number of years gained by the increase in lifespan will be divided in

extra number of years in working life and extra number of years in retirement. Figure

7 displays the expected remaining lifetime for individuals at retirement.

24



Figure 4: Expected remaining lifetime at retirement for individuals.
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This figure displays the standard deviation of the discounted cash flow for
individuals with systematic longevity risk for the different policies of the re-
tirement age. The current retirement age is 66 years, i.e., RetAgep0 = 66 for
p ∈ {I, C,R, P, S, F}. The upper panels display systematic longevity risk
where the future survival probabilities which are forecasted using the Lee-
Carter (1992)-model with process risk and parameter risk; the lower panels
display systematic longevity risk where the future survival probabilities are
forecasted using the Lee-Carter (1992)-model and the Cairns-Blake-Dowd
model. The left panels display the evolution of the full retirement using a
period best estimate mortality table, the right panels using a cohort best esti-
mate mortality table. The blue curves display systematic longevity risk cor-
responding to p = I, the solid black curves display systematic longevity risk
corresponding to p = C, the dashed curves display corresponds to p = R, the
dashed-dotted curves corresponds to p = P , the dotted curves corresponds
to p = S, and the solid dotted curves corresponds to p = F .
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From Figure 7 we observe that the expected number of years in retirement for most

policies (i.e., p ∈ {R,P, S, F}) increases with 0.9 years up to 2.2 years in the next 50

years when the retirement age is set using a period mortality table and with 1.5 years

up to 2.2 years in the next 50 years when the retirement age is set using a cohort best

estimate mortality table. We observe that using a cohort mortality table would increase

the expected remaining lifetime at retirement more than using a period best estimate

life table. This is due to the fact that the expected marginal increase in life expectancy

will decrease over time. Hence, the underestimation of the life expectancy at retirement

using a period life table slightly decreases over time, which causes the lower increase

in the full retirement age based on the period life table instead of the cohort life table.

Although the aim of the policy p = C is a constant number of years in retirement, when

calculated using the period table, the expected number of years in retirement decreases.

This is also caused by the fact that the expected marginal increase in life expectancy

will decrease over time.

From Figure 7 we observe that, in the long run, for most policies the expected number

of years in retirement increases. However, due to the uncertainty in the evolution of the

survival probabilities after retirement it may be possible that the realized, i.e., condi-

tional on all realized mortality probabilities, expected number of years in retirement may

decrease over time. Therefore, Table 5 displays the probability that in t = 1, 5, 10, 15, 25,

and 50 years the expected number of years in retirement, conditional on all observed

mortality probabilities, is lower than the current life expectancy at retirement.
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Table 5: Probability of a lower remaining life expectancy at retirement with
process risk, parameter risk, and model risk

p t = 1 t = 5 t = 10 t = 15 t = 25 t = 50
I 57% 32% 14% 7% 2% 0%

Period best estimate mortality table
C 66% 68% 71% 73% 75% 82%
R 63% 55% 44% 34% 20% 5%
P 62% 58% 52% 44% 35% 22%
S 62% 50% 35% 24% 10% 2%
F 62% 53% 44% 33% 20% 7%

Cohort best estimate mortality table
C 84% 91% 96% 96% 91% 92%
R 80% 81% 83% 78% 38% 7%
P 83% 83% 85% 79% 43% 13%
S 55% 45% 39% 23% 4% 1%
F 80% 76% 73% 59% 22% 6%

This table displays the effect of the different policies to adjust the full retire-
ment age on P (E0 [ERL(RetAgept , t)] > E [ERL(RetAgept , t)|F∞]) i.e., the
probability that in t = 1, 5, 10, 15, 25, and 50 years the life expectancy at
retirement, conditional on all future mortality probabilities, will be lower
than the current one. Future survival probabilities are forecasted using the
Lee-Carter (1992)-model and the Cairns-Blake-Dowd model.

From Table 5 we observe that the probability that future cohorts will have a lower

realized remaining life expectancy at retirement than the current life expectancy at

retirement is substantial at a short and medium horizon. At a long horizon the realized

remaining life expectancy at retirement will be likely to be higher than the current life

expectancy at retirement. This is on the one hand due to the uncertainty in future

mortality probabilities and on the other hand due to the full retirement age policies.

The effect of longevity uncertainty is illustrated by the policy of an independent full

retirement age of 66 (i.e., p = I). In this policy the full retirement age does not increase

in the future, hence the probability that the remaining life expectancy at retirement

increases over time is only influenced by longevity risk. At a short horizon (t = 5 or

t = 10) the probability that the future cohort will be faced with a lower remaining life

expectancy at retirement is more than 30% for t = 5 and almost 15% for t = 10, which

decreases for a medium horizon (t = 25) to 1.8% and for a long horizon (t = 50) to only

0.3%. The policies to adjust the full retirement age to changes in the life expectancy
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will lead to a even larger probability that future cohorts will have a lower realized

remaining life expectancy at retirement than the current remaining life expectancy at

retirement. The increase in life expectancy will lead to a substantial probability that the

realized remaining life expectancy at retirement will be lower than the current remaining

life expectancy at retirement even at medium horizon (t = 25) which is substantial.

The probability that future cohorts will be faced with a lower realized probability that

their remaining life expectancy at retirement is lower than the current remaining life

expectancy at retirement is the lowest for the policies p = S and F .

5 Pension liabilities

In the previous section we investigated the effect of the policies to adjust full retirement

age to changes in the lifespan of individuals. The aim of these policies is that the cost

of retirement should not increase in the future in order to have a sustainable retirement

policy. Therefore, in this section we investigate the effect of the policies to the cost of

pension. Moreover, if the cost of pension should remain stable over time, the uncertainty

in the pension liabilities due to systematic longevity risk should be much lower than

when the full retirement age is independent of changes in mortality probabilities. Hence,

longevity risk for young workers in defined benefit plans or for the society in the social

security, does not primarily leads to uncertainty in the value of pension liabilities, but

primarily leads to uncertainty in the full retirement age. In the calculation we will use

a (real) time-independent rate of return r of 2%.

5.1 Expected value of pension

First, we investigate the effect of the value of the expected discounted cash flow at re-

tirement of a yearly pension income of one. The change in this value indicates how much

more individuals should have saved at retirement over time either to buy annuities at

retirement or to have in an individual retirement accounts for consumption in retire-

ment. Figure 5 displays the value of the expected discounted cash flow for a nominal

yearly pension income of one.

28



Figure 5: Expected discounted cash flow for a nominal pension with a yearly
payment of one for individuals at retirement.
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This figure displays the expected value of the discounted cash flow of a
nominal payment of one for individuals before retirement with systematic
longevity risk for the different policies of the retirement age. The current
retirement age is 66 years, i.e., RetAgep0 = 66 for p ∈ {I, C,R, P, S, F}. The
upper panels display expected discounted cash flow where the future sur-
vival probabilities which are forecasted using the Lee-Carter (1992)-model
with process risk and parameter risk; the lower panels display expected dis-
counted cash flow where the future survival probabilities are forecasted using
the Lee-Carter (1992)-model and the Cairns-Blake-Dowd model. The left
panels display the evolution of the expected discounted cash flow using a
period best estimate mortality table, the right panels using a cohort best es-
timate mortality table. The blue curves display systematic longevity risk cor-
responding to p = I, the solid black curves display systematic longevity risk
corresponding to p = C, the dashed curves display corresponds to p = R, the
dashed-dotted curves corresponds to p = P , the dotted curves corresponds
to p = S, and the solid dotted curves corresponds to p = F .
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From Figure 5 we observe that the value of the expected discounted cash flow for a

nominal pension at retirement will increase, except for the policy a constant number of

years in retirement. The policies to adjust the full retirement age to changes in the life

expectancy (i.e.,p = R,P, S, or F ) will lead to a lower increase expected value of the

discounted cash flow for a nominal pension, i.e, the increase is only approximately 10%

in the next 50 years for the policies to adjust the retirement age whereas is would be 25%

when the retirement age would stay constant at 66 years. Although there is an increase

in the expected value of the expected discounted cash flow for a nominal pension this

does not have to lead to an increase in the amount an individual yearly needs to save

before retirement. This is due to an increase in the full retirement age, which leads to

more years for investment returns and more years of pension contribution. Therefore,

in Figure 6 we display the expected discounted cash flow of pension income at the age

of 60.
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Figure 6: Expected value for a nominal pension with a yearly payment of one for
individuals at age 60.
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This figure displays the expected value of the discounted cash flow of a
nominal payment of one for individuals before retirement with systematic
longevity risk for the different policies of the retirement age. The current
retirement age is 66 years, i.e., RetAgep0 = 66 for p ∈ {I, C,R, P, S, F}. The
upper panels display expected discounted cash flow where the future sur-
vival probabilities which are forecasted using the Lee-Carter (1992)-model
with process risk and parameter risk; the lower panels display expected dis-
counted cash flow where the future survival probabilities are forecasted using
the Lee-Carter (1992)-model and the Cairns-Blake-Dowd model. The left
panels display the evolution of the expected discounted cash flow using a
period best estimate mortality table, the right panels using a cohort best es-
timate mortality table. The blue curves display systematic longevity risk cor-
responding to p = I, the solid black curves display systematic longevity risk
corresponding to p = C, the dashed curves display corresponds to p = R, the
dashed-dotted curves corresponds to p = P , the dotted curves corresponds
to p = S, and the solid dotted curves corresponds to p = F .
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From Figure 6 we observe that the current expected value of pension liabilities at the

age of 60 using a retirement age calculated using a period best estimate mortality table

does not or only slightly increase, expect for p = I and p = S. In contrast, the current

expected value of pension liabilities at the age of 60 using a retirement age calculated

using a cohort best estimate mortality table does slightly increase over time. Notice that

the increase in expected value of pension liabilities at the age of 60 does not need to

lead to an increase in the yearly pension contributions due to a later retirement, which

leads to more periods where there will be a contribution. Hence, by investigating the

value of the pension liabilities at age 60 instead of at retirement age, we only eliminate

the effect of a longer investment period. A small increase in pension liability value at

the age of 60 over time lead to a constant yearly pension contribution. Hence, using a

period best estimate mortality table either the yearly contributions should decrease or

the pension benefits should increase when there is an increase in life expectancy

5.2 Longevity risk

The different policies of setting the full retirement age dependent on the changes of the

life expectancy may lead to a reduction of longevity risk for the government and pension

funds. We quantify longevity risk for individuals using L(p, x, t) (the uncertainty in the

discounted future payments of an individual with age x) and for a fund using L(p, t)

(the uncertainty in the discounted future payments of a representative fund), where

L(p, x, t) and L(p, t) are defined in Sections 2.2 and 2.3. First, we investigate the effect

of the different policies to a fund as whole. Table 6 displays distribution characteristics

of the discounted payments of a fund as whole using process risk and parameter risk

and Table 7 displays distribution characteristics of the discounted payments of a fund

as whole using process risk, parameter risk, and model risk.
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Table 6: Longevity risk with process risk and parameter risk

p E [L(p, 0)] std(L(p,0))
E[L(p,0)]

Q0.90(L(p,0))
E[L(p,0)]

Q0.95(L(p,0))
E[L(p,0)]

Q0.975(L(p,0))
E[L(p,0)]

Q0.995(L(p,0))
E[L(p,0)]

I 347 2.47% 3.16% 4.06% 4.75% 6.36%
Period best estimate mortality table

C 325 0.48% 0.60% 0.74% 0.87% 1.10%
R 333 1.25% 1.59% 2.05% 2.39% 3.11%
P 331 1.17% 1.49% 1.91% 2.25% 2.91%
S 336 1.50% 1.91% 2.45% 2.87% 3.84%
F 333 1.41% 1.79% 2.29% 2.69% 3.53%

Cohort best estimate mortality table
C 313 0.42% 0.55% 0.71% 0.89% 1.22%
R 326 0.76% 0.97% 1.25% 1.50% 1.89%
P 325 1.04% 1.35% 1.71% 2.04% 2.66%
S 338 1.12% 1.43% 1.85% 2.19% 2.85%
F 329 1.33% 1.73% 2.19% 2.57% 3.42%

This table displays the effect of the different policies to adjust the full re-
tirement age on longevity risk of the pension liabilities of a fund. Future
survival probabilities are forecasted using the Lee-Carter (1992)-model.

Table 7: Longevity risk with process risk, parameter risk, and model risk

p E [L(p, 0)] std(L(p,0))
E[L(p,0)]

Q0.90(L(p,0))
E[L(p,0)]

Q0.95(L(p,0))
E[L(p,0)]

Q0.975(L(p,0))
E[L(p,0)]

Q0.995(L(p,0))
E[L(p,0)]

I 353 3.96% 5.33% 7.52% 9.43% 13.03%
Period best estimate mortality table

C 326 1.04% 1.54% 2.04% 2.43% 3.14%
R 337 2.27% 3.12% 4.48% 5.50% 7.64%
P 335 2.49% 3.51% 5.02% 6.21% 8.66%
S 340 2.76% 3.80% 5.46% 6.78% 9.47%
F 338 2.91% 4.07% 5.85% 7.26% 10.10%

Cohort best estimate mortality table
C 311 1.91% 1.57% 2.01% 2.55% 3.64%
R 326 0.88% 1.11% 1.45% 1.74% 2.39%
P 325 1.21% 1.53% 2.00% 2.48% 3.38%
S 340 1.74% 2.28% 3.27% 4.08% 5.71%
F 331 1.95% 2.46% 3.52% 4.51% 6.53%

This table displays the effect of the different policies to adjust the full re-
tirement age on longevity risk of the pension liabilities of a fund. Future
survival probabilities are forecasted using the Lee-Carter (1992)-model and
the Cairns-Blake-Dowd model.
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From Table 6 and Table 7 we observe that adjusting the full retirement age to changes

in the evolution of the survival probabilities will on average lead to a lower value of

the discounted pension payments. This is due to the, in general, increase in retirement

age over time, which leads to less pension payments over time. The policies to adjust

the retirement age to changes in life expectancy can reduce longevity risk in a portfolio

of pension liabilities significantly. Moreover, we observe that policies which are less

beneficial for current workers, i.e., the policies which increase retirement age substantial,

leads to less longevity risk in the portfolio. This is due to the composition of the portfolio,

which consists of both workers and retirees. If life expectancy increases for the workers,

generally also the life expectancy for the retirees would increase. Whereas longevity risk

is fully taken by the fund for retirees, for workers it is taken by both the fund and the

worker himself, due to the increase in full retirement age. Hence, the low longevity risk

for the fund may be due to workers compensating the increase in life expectancy of the

retirees. Therefore, Figure 7 displays longevity risk for each cohort separately.
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Figure 7: Systematic longevity risk for individuals.
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This figure displays the standard deviation of the discounted cash flow for
individuals with systematic longevity risk for the different policies of the re-
tirement age. The current retirement age is 66 years, i.e., RetAgep0 = 66 for
p ∈ {I, C,R, P, S, F}. The upper panels display systematic longevity risk
where the future survival probabilities which are forecasted using the Lee-
Carter (1992)-model with process risk and parameter risk; the lower panels
display systematic longevity risk where the future survival probabilities are
forecasted using the Lee-Carter (1992)-model and the Cairns-Blake-Dowd
model. The left panels display the evolution of the full retirement using a
period best estimate mortality table, the right panels using a cohort best esti-
mate mortality table. The blue curves display systematic longevity risk cor-
responding to p = I, the solid black curves display systematic longevity risk
corresponding to p = C, the dashed curves display corresponds to p = R, the
dashed-dotted curves corresponds to p = P , the dotted curves corresponds
to p = S, and the solid dotted curves corresponds to p = F .
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From Figure 7 we observe that the policies to adjust the retirement age to changes in life

expectancy for each cohort generally leads to less longevity risk for a cohort, except for

the constant number of years in retirement policy, than a constant retirement age of 66

years. Whereas the policy a constant number of years in retirement leads to a very low

longevity risk for the fund, it leads to substantial longevity risk in the pension value for

young individuals. This is due the fact that young insured hedge longevity risk for the

old insureds by a large increase in the full retirement age when life expectancy increases.

For the liabilities of young insureds the decrease in longevity risk can be substantial, but

it depends on the period or cohort best estimate mortality table and whether to include

model risk or not which of the policies p = R,P, S, or F leads to the lowest longevity

risk for the liabilities of the current workers.

6 Conclusions

This paper quantifies the effect of changes in mortality probabilities on policies to ad-

just the full retirement age to these changes. We investigate for six different policies

the effect on the forecasted full retirement age, the expected remaining lifetime at re-

tirement, and the effect on the value of pension liabilities over time. To forecast future

mortality probabilities we allow for either process risk and parameter risk or for process

risk, parameter risk, and model risk. The policies to set the retirement age dependent

on the evolution of the mortality probabilities depends on future mortality probabili-

ties. These future mortality probabilities are estimated either using the last observed

mortality probabilities or using the Lee-Carter (1992)-model to forecast future mortality

probabilities.

Our results suggest that in order to evaluate the policies to set the retirement

age dependent on the evolution of the mortality probabilities one should take not only

process risk and parameter risk into account but also model risk. We observe that when

we evaluate the uncertainty in the yearly changes in the full retirement age without

model risk is much lower than the uncertainty in the yearly changes in the full retirement

age would have been in the past if the policies would have been implemented. Using

process risk, parameter risk, and model risk we observe that the forecasted uncertainty

in the yearly changes in the full retirement age is of the same order as the past experience
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would suggest. All investigated policies significantly reduces longevity risk in the value of

pension liabilities for a fund. Especially policies where the increase in the full retirement

age is large when the mortality probabilities decrease lead to a low longevity risk in the

value of pension liabilities for a fund. This is due an increase in the value of pension

liabilities of retirees s offset by a decrease in the value of pension liabilities of workers

due to a large increase in the full retirement age.

We observe that a cohort best estimate mortality table leads to more uncertainty in

retirement age and a lower increase in retirement age than a period best estimate mor-

tality table. Using a period best estimate mortality table the policies would imply that

when there is a decrease in the mortality probabilities either the pension contributions

can decrease or the pension benefits can increase. Hence, on the one hand a cohort best

estimate mortality table is preferred because it leads to a stable pension contribution

over time, and on the other hand a period best estimate mortality table is preferred

because it leads to less uncertainty in the annual changes in the full retirement age. A

disadvantage of the policies is that on a short and medium horizon there is a substan-

tial probability that future cohort will be faced with lower realized expected remaining

lifetime at retirement than the current expected remaining lifetime at retirement. Part

of this is due to systematic longevity risk, which leads to uncertainty in the realized

expected remaining lifetime at retirement, and the other part is due to a change in the

full retirement age. Finally, we observe that the policies p = P, S, and F does not lead

to a (significant) increase in expected pension costs, lead to an increase in the current

expected remaining lifetime at retirement over time and the policies p = S, and F lead

to relatively low probability that the realized expected remaining lifetime at retirement

of future cohorts will be lower than the current expected remaining lifetime at retire-

ment. We observe that the policies P = I and R lead to an increase in expected pension

cost, and the policy p = C leads to a decrease in expected pension cost over time.
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[9] Koissi, M.-C., A.F. Shapiro, and G. Högnäs (2006), Evaluating and extending the

Lee-Carter model for mortality forecasting: Bootstrap confidence interval, Insur-

ance: Mathematics and Economics, 38, 1-20.

[10] Lee, R.D., and L.R. Carter (1992), Modeling and forecasting U.S. mortality, Journal

of the American Statistical Association, 87, 659-671.

[11] Lee, R.D. and T. Miller (2001), Assessing the performance of the Lee-Carter ap-

proach to modeling and forecasting mortality, Demography, 38, 537-549.

[12] Olivieri, A. (2001), Uncertainty in Mortality Projections: An Actuarial Perspective,

Insurance: Mathematics and Economics, 29, 231-245.

38



[13] Olivieri, A., and E. Pitacco (2003), Solvency requirements for pension annuities,

Journal of Pension Economics and Finance, 2, 127-157.

[14] Renshaw, A.E., and S. Haberman (2003), Lee-Carter Mortality Forecasting with

Age-Specific Enhancements, Insurance: Mathematics and Economics, 33, 255-272.

A The distribution of the mortality probabilities

In this appendix we briefly describe the models used to quantify the macro-longevity

risk affecting px,t. Let µx,t denote the force of mortality of a person with age x at time

t, i.e., µx,t = lim∆t→0 P (0 6 Tx,t 6 ∆t) /∆t. We assume that for any integer age x, and

any time t, it holds that µx+u,t = µx,t, for all u ∈ [0, 1). Then, one can verify

px,t = exp (−µx,t) .

Next, let Dx,t denote the observed number of deaths in year t in a cohort and aged x at

the beginning of year t, and let Ex,t denote the number of person years during year t in a

cohort with gender g and aged x at the beginning of year t, the so-called exposure. Then,

under appropriate regularity conditions, as discussed by Gerber (1997), the Maximum

Likelihood estimator for the force of mortality is given by µ̂x,t = Dx,t/Ex,t. We assume

that there is no (sampling) risk involved in this relationship, so that the macro-longevity

risk is fully captured by the risk in Dx,t/Ex,t. We use the Lee-Carter model and the

CBD-model to quantify the macro-longevity risk in D
(g)
x,t/E

(g)
x,t . The Lee-Carter model is

a variant of the model proposed by Lee and Carter (1992) and are described in Appendix

A.1. In Appendix A.2 we describe the CBD-model.

Age, and time specific numbers of death and exposed to death of the United States are

obtained from the Human Mortality Database. In our case x ∈ {25, 26, 27, ..., 109, 110+},

with 110+ the age group of people aged 110 years or more. We use the time period 1933–

2006. Booth et al. (2002) find that the mortality experience in the industrialized world

seems to suggest a substantial age-time interaction in the twentieth century. Therefore,

to forecast the distribution of future survival probabilities we will only use the time

period 1970–2006.
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A.1 Lee-Carter (1992) model

In this section we describe the Lee-Carter model. The model by Lee and Carter (1992)

is given by

log (Dx,t/Ex,t) = ax + bxkt + ǫx,t, (17)

where kt is an index of the level of mortality, ax is an age-specific constant describing the

general pattern of mortality by age, bx is an age-specific constant describing the relative

speed of the change in mortality by age, and where ǫx,t represents the measurement

error, assumed to satisfy ǫx,t | Kt ∼ N (0, σ2
x), conditional on Kt = {kτ | τ = t, t− 1, . . .}.

Moreover, we assume that the ǫx,t are independent for different x, conditional on Kt.

Let t be the first year of the observation and t be the last year of observation used to

estimate the parameters. Let T = t − t + 1 be the number of years in the sampling

period, the parameters ax are estimated by the average of the force of mortality over

time, i.e.,

ax =
t∑

t=t

log (Dx,t/Ex,t)

T
(18)

The parameters bx and kt are estimated by using the singular value decomposition on

the matrix with element Zx,t = log (Dx,t/Ex,t) − ax. Let Σ be the matrix with on the

diagonal the singular values, u1 a row vector

Zx,t = log (µx,t)− ax =

min{T,n}∑

i=1

ui(x) · σi · vi(t),

where σi, ui(x), and vi(t) denote the (ordered) singular values and respective left and

right singular vectors. Under the normalization constraints
∑

x bx = 1 and
∑t

t=t kt = 0

the estimates of the parameters bx and kt are given by:

bx =
u1(x)∑
x u1(x)

(19)

kt =σ1 · v1(t) ·
∑

x

u1(x). (20)
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In order to avoid localized age induced anomalies in b̂x, we follow Renshaw and Haber-

man (2003). These authors proposed to smooth the age specific estimated parameters

b̂x using cubic B-splines, with internal knots,

ζ0 + ζ1x+ ζ2x
2 + ζ3x

3 +

r∑

j=1

ζ3+j(x− xj)
3
+, (21)

where (x−xj)
3
+ = (x−xj)

3, in case x−xj > 0, and zero otherwise. As internal knots we

use x1 = 9.5, x2 = 20.5, x3 = 50.5, x4 = 60.5, and xr = x5 = 80.5. The cubic B-splines

are fitted to the estimated b̂x using the method of least squares.

The parameter kt is re-estimate such that the estimated number of deaths using the

estimates of ax and bx in equation (17) (with ǫx,t = 0) equals the observed number of

deaths.

∑

x

Dx,t =
∑

x

Ex,t · exp (ax + bxkt) (22)

To model the process for re-estimated kt over time, we use an ARIMA(0,1,0) model,

i.e., a random walk with drift

kt = kt−1 + c+ et, (23)

where c is the drift term which indicates the average annual change of kt, and et is the

innovation such that

et | Kt−1 ∼ N
(
0, σ2

)
.

We allow for parameter uncertainty in the parameter c, the distribution of the parameter

is given by

c | Kt ∼ N
(
µc, σ

2
c

)
. (24)

To forecast the future mortality rates, we use the current time (defined in the appendix

as time T ) mortality table and a reduction factor. In this way the mortality rates are
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Table 8: Estimation results for the Lee-Carter models

Model µc σ σc

Lee-Carter -0.82 0.90 0.15
Parameter estimates of equations (23 and (24)).

set such that the estimation error in the last year of the mortality data is zero, so that

we avoid a jump-off bias in the forecasts. Let qx,T = 1 − px,T be based on the last year

of mortality data. We forecast µx,T+s as follows

µ̂x,T+s = µx,T · R̂F x,T,s. (25)

The reduction factor is given by

R̂F x,T,s = exp
(
b̂x · (k̂T+s − k̂T )

)
, (26)

where b̂x and k̂T denote the estimated bx and kT , respectively, and where k̂T+s denotes

the s > 1 periods ahead forecast. For the latter we use

k̂T+s | K̂T+s−1, c ∼ N
(
k̂T+s−1 + c, σ̂2

)
, (27)

with K̂T = KT , and K̂T+s = K̂T+s−1

⋃
k̂T+s, for s = 1, 2, 3, . . ., employing estimates.

The parameter estimates relevant for the quantification of the macro-longevity risk are

plotted in Figure 8 (the b̂x) and Table 8 (the parameter estimates of equations (23) and

(24)).

We include both process risk and parameter risk. First, using (25) and (26), given a

specific model and given the corresponding estimates, there is process risk due to fact

that future values of k̂T+s are risky, see equation (27). Next, the forecasts (25)–(27)

are based on estimates, and these estimates are sensitive to estimation inaccuracy. The

corresponding risk is referred to as parameter risk.

To quantify the macro-longevity risk, we proceed as follows. Given the initial data

{
(Dx,t, Ex,t) | x ∈ {0, 1, 2, ..., 99, 100+}, t ∈ {1970, . . . , T = 2006}

}
,
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Figure 8: Estimated bx after smoothing using cubic B-splines.

the following steps are taken.

1) The parameters âx, b̂x, and k̂t are estimated and the corresponding residuals rx,t

are computed.

2) Next we generate B replications R
(b)

t , b = 1, ..., B, of the residual matrix Rt, by

sampling with replacement.9 Using these residual matrices, the corresponding

bootstrapped numbers of death D
(b)

x,t, b = 1, ..., B, are determined.

3) Given the bootstrapped numbers of death Dx,t(b), we compute the bootstrap es-

timates â
(b)
x , b̂

(b)
x k̂

(b)
t , b = 1, ..., B, using the described estimation techniques.

4) Given the bootstrap estimates â
(b)
x , b̂

(b)
x , k̂

(b)
t , we generate k̂

(b)
T+s, using (27), for

s = 1, ..., 85 and b = 1, ..., B. This allows us to calculate the corresponding p
(b)
x,T+s

via (25) and (26), resulting in F
(b)
t for appropriate t.

5) Finally, for some quantity of interest F = F (Ft), we calculate the bootstrap values

F (b) ≡ F
(
F

(b)
t

)
, for b = 1, ..., B. On the basis of the distribution of all bootstrap

values of F (b), we are able to quantify the macro-longevity risk.

9This corresponds to the residual bootstrap percentile interval-method of Efron and Tibshirani
(1998). See also Koissi, Shapiro, and Högnäs (2006).
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A.2 CBD model

In this section we briefly describe the the third model, the CBD-model, to forecast

future forces of mortality, which are members of the family of generalized CBD-Perks

models. The CBD model was first introduced in Cairns, Blake, and Dowd (2006), later

there several extension have been proposed to the original model, see e.g. Cairns et al.

(2009). The CBD model fits the one-year mortality probability to a simple parametric

form. The one-year mortality probabilities are obtained form the number of deaths and

the number exposed to death by the following equation:

qx,t = 1− exp (−µx,t) = 1− exp

(
−
Dx,t

Ex,t

)
. (28)

The general specification of the CBD-model is given by

log

(
qx,t

1− qx,t

)
= β(1)

x κ
(1)
t + β(2)

x κ
(2)
t + β(3)

x γ
(3)
t−x + ǫx,t, (29)

where β
(1)
x , β

(2)
x ,, and β

(3)
x are given constants depending on age and time, κ

(1)
t , and κ

(2)
t ,

are time-specific regression coefficients, γ
(3)
t−x is the cohort-specific regression coefficient,

and ǫx,t is the residual with zero mean.

Following Cairns et al. (2009), which shows that for the US the model with a diminishing

impact of the cohort effect over age (i.e., β
(3)
x is decreasing with x) has the best fit of the

mortality data, according to the BIC criterium, we will use this model. The generaliza-

tion of the CBD-model assumes that the age effects of the cohort effects are diminishing

over time for any specific cohort. This results in the following characterization:

β
(1)
x = 1, β

(2)
x = (x− x) , β

(3)
x = (xc − x) ,

for some constant parameter xc to be estimated, using optimization of the BIC. This

leads to the following characterization of the mortality probabilities:

log

(
qx,t

1− qx,t

)
= κ

(1)
t + (x− x) κ

(2)
t + (xc − x) γ

(3)
t−x. (30)
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To avoid identifiability problems, we impose the following identification constraint:

∑

c∈C

γ
(4)
t−x = 0.

In order to make forecasts of the mortality probabilities we have to forecast the process

κ(t) =
[
κ
(1)
t κ

(2)
t

]
. It is assumed that the process is subject to i.i.d. multivariate

normal shocks with mean µ and covariance matrix V . Let D(t) = κ(t) − κ(t − 1),

and D = {D(1), . . . , D(n)}. In the absence of any clear prior beliefs about the values

of µ and V Cairns, Blake, and Dowd (2006) use a non-informative prior distribution.

A common prior for the multivariate normal distribution in which both µ and V are

unknown is the Jeffreys prior:

p (µ, V ) ∝ |V |−3/2,

where |V | is the determinant of the covariance matrix V . The posterior distribution for

(µ, V |D) satisfies

V −1|D ∼Wishart
(
n− 1, n−1V̂ −1

)
,

µ|V,D ∼MVN
(
µ̂, n−1V

)
,

where µ̂ =n−1

n∑

t=1

D(t),

and V̂ =n−1

n∑

t=1

(D(t)− µ̂) (D(t)− µ̂)
′

.

We denote V̂ =


 V̂1,1 V̂1,2

V̂1,2 V̂2,2


 and and µ̂ = [µ̂1 µ̂2]

We estimate the parameters using US mortality data from 1970 till 2006 for the ages

xmin = 60 till xmax = 100. The log-likelihood is given by:

LogL =
∑

x,t

Dx,t · log (Ex,t · µ̂x,t)− Ex,t · µ̂x,t − log (Dx,t!) ,

where µ̂x,t = − log (1− q̂x,t) is the force of mortality using the parameter estimates.

Table 9 displays the estimates of µ.
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Table 9: Parameter estimates of the CBD-model

µ̂1 · 10
2 µ̂2 · 10

4 xc V̂1,1 · 10
4 V̂2,2 · 10

7 V̂1,2 · 10
5 LogL # par BIC

CBD -1.24 4.36 73 4.03 8.01 1.55 −2.18 · 104 151 2.29 · 104

The table displays the estimation of the parameter µ and the log likelihood,
number of parameter, and the Bayesian Information Criterion (BIC) for the
CBD-model.
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