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Exponential Reserves of Insurance Contracts
Under a Jump-Diffusion Process Model

C Kim, J Lim, and G Shim*

In terms of the liability process, we consider a collective risk model that
generates claims in portfolios of insurance policies. We also consider a financial
market for investments, under the assumption that the risky asset price process
follows a geometric Brownian motion, i.e., the model for assets and liabilities
follows a jump-diffusion process. We calculate the indifference premiums and
the exponential reserves that maximize the final expectation of the portfolio
values, and we also show that the indifference premiums are calculated under
the certainty equivalence principle. It is interesting to note that the exponential
reserves under the prospective method constitute the difference between the
current value of the future certainty equivalent of benefits and the present value
of the future certainty equivalent of premiums. Similarly, using the retrospective
method, the exponential reserves constitute the difference between the
accumulated value of the past indifference premiums and the current value of
the certainty equivalent of past benefit payments.
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Introduction

Actuaries typically use static strategies to calculate the premiums
and reserve values of insurance contracts. The prices—or so-called
actuarial premiums—of insurance policies are calculated using the
equivalence principle; the premium-calculation principles are well
introduced in Bowers et al (1997). In this paper, we consider a different
premium principle that uses the exponential utility function.
Exponential premiums and exponential reserves are discussed early by
Gerber (1976, 1979). We consider a dynamic financial market where the
risky asset price process follows a geometric Brownian motion. We
consider a collective risk model for the insurance liability process; this
model generates claims for a portfolio of insurance policies. The surplus
of the insurer then follows a jump-diffusion process. More dynamic
insurance risk models can be found in each of Browne (1995), Moore
and Young (2003), and Jaimungal and Young (2005). Indifference
premiums can be calculated by equating the optimal value without
liabilities and the optimal value with indifference premiums for
assuming liabilities. Young and Zariphopoulou (2002) show single
indifference premiums of insurance policies, using the principle of
equivalent utility. In this paper, we show additional indifference
premiums, such as fully-continuous annual indifference premiums, semi-
continuous indifference premiums, and single indifference premiums; we
determine that indifference annual premiums are calculated by equating
the discounted certainty equivalent of future indifference premiums and
the current value of the certainty equivalent of future benefits, in what is
called the “certainty equivalence principle.”

We can derive optimal investment strategies that maximize the
expected exponential utility of terminal wealth. Hipp and Plum (2000)
and Liu and Yang (2004) consider the optimal investment policies of
using insurance companies’ surpluses. A more general discussion on the
optimal investment policies of an insurer that uses a jump-diffusion
process can be found in Yang and Zhang (2005); that study examines
three different factors: maximizing exponential utility function,
maximizing the survival probability of the insurance company, and a
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general objective function. Wang (2007) discusses the optimal
investment strategies of an insurer by maximizing the exponential utility
of the reserve at a future time.

After determining the optimal investment strategies and the
indifference premiums, we are able to calculate the exponential reserve
values of the insurance contracts. Traditionally, actuaries calculate
benefit reserves using level benefit premiums and claim payments.
Gerber (1976, 1979) developed reserve principles using utility functions,
and many different approaches to reserve valuations—each of which
used differential equations—can be found in Hoem (1969), Norberg
(1991), and Milbrodt and Stracke (1997). Marceau and Gaillardetz
(1999) calculate reserves under a stochastic mortality and interest-rate
environment for a portfolio of life insurance policies. In this paper, we
develop the exponential reserve principle in tandem with the
development of indifference premiums. We note that exponential
reserves, under the prospective method, constitute the difference
between the current value of the future certainty equivalent of benefits
and the present value of the future certainty equivalent of premiums
discounted to the risk-free rate. In addition, we can calculate the
exponential reserves with the retrospective formula and the exponential
reserves, which constitute the difference between the accumulated value
of the past indifference premiums and the current value of the certainty
equivalent of past benefit payments. In this way, we can further derive a
premium difference formula and a paid-up insurance formula for
exponential reserves.

A Continuous-Time Surplus Model

We employ a utility function, u( @ ), for an insurer, where » denotes
the current wealth of the insurer, measured in monetary terms. Then the
acceptable premium (price) H for assuming random loss (liability) L is
calculated by

u(w)=Elu(wo + H-L)]. 1)

The premium H is a price such that the insurer is indifferent between
the current position and providing insurance for L at premium H.

© Institute of Actuaries of Australia 2010
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A few elementary functions—such as exponential, fractional power,
quadratic, and logarithmic functions—can be used as the utility function,
based on the decision-maker’s preferences for various distributions of L.
In this paper, we consider the exponential utility function,

u(w)=-e¢e’ ,forall  and for a fixed y > 0. (2)

By simple transformation, the indifference premium is

f = loeM.() 3)
Y

where M, (1) = E[¢"] is the moment-generating function of L.

We consider a financial market given by a probability space (£
F,P),with the actual measure P, and a finite time horizon 7. Let S = {S,
0 < t < T} be the price process of tradable risky assets that are (P, F)-
semi-martingale. We assume that the risky asset price process follows a
geometric Brownian motion,

dS,= puSdt+ o Sdw, @)

where Wt is a standard Brownian motion in a probability space (2 F,
P), u >01is the mean rate of return, and o > 0 is the volatility of S.

We consider a collective risk model for L, i.e., assuming that the
liability process L generates claims for a portfolio of insurance policies.
Let us denote N = {N, 0 < t < T} as the counting process, where N, is
the number of claims produced until time # Y, denotes the amount of the
j-th claim, under the assumption that the individual claim amounts are
independent and identically distributed. The model we consider follows
the compound Poisson claim process,

N,

Lz = Y] 4 (5)
j=1

where N = {Nt, 0 < t < T} is the Poisson process with rate 4.

With the surplus (net wealth) X, at time ¢, we assume that the insurer
is willing to invest the amount of 7, to risky assets and the amount of X
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— 7z, to risk-free assets. Then, the surplus (net wealth) process X = {X, 0
< t < T} of the insurer is expressed by

dX,=(pu —-r)zdt+ o 7, dW,+rXdt —dL, 6)

where r is the risk-free rate. The process X may fall below zero, with
positive probability. In this paper, we assume that the insurer has
enough initial capital to preclude insolvency before time 7.

Single Indifference Premium Via Exponential Utility
Maximization

We consider an optimal investment situation of an insurer with an
initial wealth @ and a liability L = {L, 0 < t < T}. The insurer wants to
maximize the expected utility of the surplus (net wealth) X at maturity
time 7. For a fixed y > 0, we define a value function V(x, t; L) with a
liability process L by the maximum expected utility of the surplus at
expiration time 7,

Vix, t;L) = supE[—exp{—yXT}\Xt:x], @)

where x is the surplus at current time t. We wish to find the single
indifference premium h at time 0, such that

V(w,0;0)=V(eo +h 0;L), (8)

where @ = X, The single indifference premium # is a price, such that
the insurer is indifferent between the current position without any
liability and providing insurance for L at premium 4. In order to
determine the single indifference premium, we need to calculate the
optimal value function in the following theorem.

Theorem 1: For an insurer with the current time t, surplus, x and the
liability process L, the optimal investment strategy is

* —
; — e—r(Trl) /u zr i (9)
Yo

T

and the optimal value is

=Y
-—
(24 © Institute of Actuaries of Australia 2010
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— 2 ~
Vit L) = —explye exp{—;(“f)(T —t)} exp| - [/ (48.)ds |.(10)
O t
where f, = 1-E[exp{ye’ " }Y] = 1-M,(y'" ™).
Proof: See Young and Zariphopoulou (2002).

The single indifference premium #4 at time 0 is such that
V(w,0;0)=V (o +h 0;L),

where o = X, is the initial wealth of the insurer.

The optimal value at time O with the initial wealth @ and without
liability L is

2
o

Viw, 0;0) = —exp{-ye v} exp{—;(#_r)z T}. (11)

The optimal value at time 0 with the initial wealth » and with the
additional single premium % for assuming liability L is

V(w0 L)=—exp{-ye” (0 +h)} exp{—;(ﬂ_;)ZT} exp[— IT{ /Iﬁs}ds} (12)
o 0

Theorem 2: For an insurer with the initial surplus o, the single

indifference premium h and assuming the liability process L is

h=14, =™ G, (13)
where

Af M, (e ) -1]ds
,C === , is the certainty equivalent of liability

benefits from time 0 to time T.

Proof: By equating equations (11) and (12), we have the expression
for the single indifference premium #.
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Note that the indifference premium # is independent of the insurer’s
initial wealth @, u, and o’ . The certainty equivalent of benefits from
time 0 to time 7, ,C, , is treated as a certain amount; the discount factor,
e”'", is then applied to obtain the single indifference premium. It is
interesting to compare the indifference premium H without investing
the surplus and the indifference premium 4 under the optimal
investment strategy.

o JoeM, () _ AM, ()T
y y

If we let r = 0, then & = H. Therefore, the indifference premium /4
under the optimal investment strategy is a generalized version of H, with
a consideration of the discount rate r > 0.

Annual Indifference Premium

We want to find the fully continuous annual indifference premium
for a liability process L = {L, 0 < t < T}, under the optimal investment
strategy of an insurer with an initial wealth @ '. The financial market is
given by a probability space (£2F, P), with the actual measure P and a
finite time horizon 7. Let S = {S, 0 < t < T} be the price process of
tradable risky assets that are (P, F)-semi-martingale. We assume that
the risky asset price process S follows the geometric Brownian motion
(4) and that the liability process L follows the compound Poisson claim
process (5).

We assume that the insurer’s investment strategy is to invest the
amount of =, to risky assets and the amount of X, — 7, to risk-free
assets. Then, the surplus process X = {X, 0 < t < T} of the insurer is
expressed by’

dX,=(p —r)z, dt+ o z,dW +rXdt+ pdt —-dL, (14)

1 Young and Zariphopoulou (2002) derived single indifference premiums of insurance policies. Young and
Zariphopoulou (2004) computed continuous premiums under a power utility. In this paper, we consider other
types of indifference premiums—such as fully-continuous and semi-continuous annual indifference premiums—
under an exponential utility function.

2 We assume that the insurer has enough initial capital and that it will not experience any insolvency before time
T.

=Y
-—
Ll © Institute of Actuaries of Australia 2010
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where p, is the fully continuous annual indifference premium at time ¢.

For a fixed y > 0, the value function V(x, t; L, p,) with the liability

process L is defined by the maximum expected utility of the surplus at
expiration time 7,

Vix, t L, p,)= supE[—exp{—yXT}\Xt:x] , (15)
where x is the surplus at current time .

The continuous annual indifferent premium p at time 0 is a price that
satisfies

Viw,0;0,0)=V(w,0; L, p), (16)

where @ = X, is the initial surplus. The annual indifference premium p
is a price such that the insurer is indifferent between the current position
without any liability and providing insurance for L at the premium rate
p, which is paid continuously. We derive the optimal investment strategy
and the optimal value in the following theorem.

Theorem 3: Let the risk-free rate be r > 0. We assume that the surplus

of an insurer at current time t is x, X,=x, and that the insurer assumes the
liability process L with continuously paid premium p,. Then, the optimal

investment strategy at time t is

7[[* :err(’l-ﬂ L_Zr’ (17)

yo
and the optimal value is

V(xy t; L) pt)
_ 2
— —expi—ye’ T x} exp{—l(ﬂ;)(T—t)} exp{—yﬁ{e“”)—l}}
2 o r
T ~
exp[—L w\,ds}, (18)
where f, = 1-E[exp{ye’" Y] = 1-M,(ye'"™).

Proof: See Appendix.
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At current time # we can calculate the fully continuous annual
indifference premium p, under the certainty equivalence principle.

Theorem 4 (Certainty Equivalence Principle): For an insurer, the

fully continuous annual indifference premium, p, = ﬁ(ﬁﬂ) , at time t, for

assuming the liability process L is calculated by

—r(T—1) [
G € G AT*t\

E(Zﬂ) = = —_ = — > (19)
5771 9 9
where
HT—1) _
S = (20)
r
AT r(T—s)
,C = ;.[ [My(ye )—1:|ds , (21)
1 _ e—r(T—t)
g --—¢ (22)
T p
and
i —r(T—t)
A =e C,. (23)

Proof: At time ¢, the indifference annual premium is the price, such
that

Vi 0,00=V(xtLp),

where x = X is the surplus of the insurer at time . The optimal value at
time ¢ without assuming the liability L is

Vix, £ 0,0) = —exp{-ye " x} exp{—;(ﬂ_;)z(T—t)} (24)
o

The optimal value at time ¢ with additional premium p, for assuming
liability L is

V(X, i L) p/) =

=Y
-—
il © Institute of Actuaries of Australia 2010
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—expi—ye’ " x) exp{—l(“_f)z(T—t)} exp[—yﬁ{e””’”-l}}
2 o r
exp[— J:Tﬂ,[ids} . (25)

By equating equations (24) and (25), we obtain the fully continuous
annual indifference premium.

Note that ,C, = 4 IT[MY(;/e'” "Y’)—l]ds is the certainty equivalent
of benefits from time 7 to time T. We apply a discount factor e to
obtain the single indifference premium at time ¢, 4—. = ¢""",C,
which is called the current value of the certainty equivalent of future
benefits. Also note that P(Zﬂ) O is the discounted certainty
equivalent of future annual indifference premiums. Therefore, the

annual indifference premium, F(‘Zﬂ) , is calculated by
The discounted certainty equivalent of future indifference premiums

= The current value of the certainty equivalent of future benefits,
P(A=) ary = Ay (26)

This premium calculation method is called the certainty equivalence
principle.

At time 0, the fully continuous annual indifference premium, p, =
ﬁ(zﬂ) is

P(4;) = G A j;[My(ye“H)—st _ 4 (27)

— T
S5 e’ -1y a;

Note that the single indifference premium Zﬂ is

e A JOT[MY (re" ") ~1]ds

/4

It is easy to verify that the total of the annual indifference premiums
is greater than the single indifference premium—i.e., Tﬁ(Zﬂ) > Zﬂ —
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when r > 0 due to the discount effects. The relationship between the

single indifference premium Zﬂ and the annual indifference premium
P(Zﬂ) is

Ay = P(4y) a . (28)

When r = 0, the annual premium p is

oo AM -1 loeM, ()
y y

where L, is the liability process with one year of maturity, 7= 1.

The single indifference premium when r = 0 is

o logM, () _ AM (-]
v

=pT.

The traditional indifference premium H does not consider the
discount effects. However, the indifference premiums Zﬂ and ﬁ(zﬁ),
under the optimal investment strategies, consider the discount effects on
the liability payments and the premium incomes with the risk-free rate r
> 0. Since the time values of the cash flows were considered in pricing,
this shall be considered an improvement.

We consider the insurance contracts with a premium-paying period &
that is shorter than the period over which benefits are paid, & < 7. We
can show that the indifference premium is calculated by

_ 4,
WP = = (29)

a

We can also derive the discrete-type annual indifference
premium P(Zﬂ). The first premium is payable when the insurance is
issued, and the subsequent premiums are payable on anniversaries of
the policy issue; therefore, the set of annual premiums form an annuity
due,

=Y
-—
el © Institute of Actuaries of Australia 2010
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_ 4
P(4z) = Rk (30)

7|
_
where d = liv,dzl—v, V= L, and] +i=¢.
‘ d 1+i

We consider that premiums are payable m times a year with no
adjustment in the benefits. The level annual indifference premium
payable in m-thly installments at the beginning of each m-thly period is
denoted by P("’)(Zﬂ) . Using the certainty equivalence principle, we can
calculate P(”‘)(Zﬂ) by

P (A = 4 (31)

T
where d%’” = ld_(:) ,and d™ = m[l—(l—d)”m]

The formulae for the indifference premiums look similar to those for
the benefit premiums under the equivalence principle. However, there
are a few differences between them that need to be considered. Note
that i is not the expected interest rate of the insurer used for the benefit
premiums under equivalence principle; rather, it is the annual risk-free
rate. The present value of future benefits is considered under the
equivalence principle, but the current value of the certainty equivalent
of future benefits is considered under the certainty equivalence
principle.

Exponential Reserves

We want to find the exponential reserves at time f, where 0 < t < T.
The insurer, under the utility maximization principle of terminal surplus,
will be indifferent between continuing the risk while receiving premiums
and paying the amount of V' to a reinsurer to assume the risk’.

Definition 1: The exponential reserve, }7 , is the amount such that

Vix-7V,60=V(xtL) (32)

3 Young (2003) calculates the reserve values for equity-indexed life insurance. We generalize the valuation
method so as to be applicable to a wider variety of insurance.
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where x = X is the surplus of the insurer at time t.

Let us first consider the insurance contract with the single
indifference premium 4 = Zﬂ .

Theorem 5: The exponential reserves, ,V, of the insurance contract
with the single indifference premium Eﬂ is

Vo= A (33)

Proof: Applying Theorem 1 to (32), we have

1(u-ry
2 o

—exp{-ye’ "™ (x — V) eXP{— (T —t)}
r(T—t l(ﬂ_r)z r r(T—s
=—exp{—ye’" " x} exp{—zo_z(T—t)} exp[/l‘[l [My(ye ( ))—l}ds]

Simplifying the equation above, we have the exponential reserves:

_ A T

_ -r(T-t) 7~ r(T-s) _
Vo=e 7L[My(ye )—1]ds

(T _ 7

=e C = Aﬁ‘.

Therefore, the exponential reserve is the current value of the
certainty equivalent of future benefits, 4— = """, C,, for the

insurance contracts with a single indifference premium.

For the insurance contract with the fully continuous annual

indifference premium IS(A”), we can find the exponential reserve,
V( Zﬂ ), from the following formula,
Vix- V(4),50,0)=V(x L, P(4p)), (34)

where x = X, is the surplus of the insurer at time 7.

© Institute of Actuaries of Australia 2010
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Theorem 6 (Prospective method): The exponential reserves, f(Zﬂ),

of the insurance contract with the fully continuous annual indifference
premium IS(Zﬂ) is

V(4y) = Ay — P(A) Gy (35)
Proof: Applying Theorem 3 to (34), we have
Vix- V(A ),£00)= —exp{ ye ”T”)(x—f(zqﬂ))} exp{ Lu=ry’ (T t)}
o’

and we can find the exponential reserve,

(A —r(T~- AT r(T-s DrA l_eir(Tit)
V(A = e’ ;L [ M, (re™)-1]ds - P(dy) —

A - P(4) a—

It is interesting to note that the exponential reserves V(A ) = AT i

- P(Aﬂ) U constitute the difference between the current value of the
future certainty equivalent of benefits and the present value of the
future certainty equivalent of premiums discounted to the risk-free rate,
based on the indifference premiums determined via the certainty

equivalence principle.
Exponential Reserves =
Current value of future certainty equivalent of benefits
— Present value of future certainty equivalent of premiums.

Such a calculation method of exponential reserves is called the
prospective method.

For the insurance contracts with a premium-paying period #—which
is shorter than the benefits-paying period & < T—the exponential
reserve at time ¢ is

A——,P(4)a_ ,t<h<T
(4 = e . (36)
AT 0 h<t<T
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From Theorem 4, the fully continuous annual indifference premium
IS(Zﬁ) at time ¢ for assuming the liability process L is calculated by

ﬁ(Zﬁ) a— = ’m. 37)

We can derive the premium-difference formula for 117(27‘) by
factoring a;—; out of the reserve formula,

V() = Ay - P(4) a,

T—1|

= P(Am) @y - ﬁ(Aﬂ) T

= (ﬁ(/qm)_ﬁ(lqﬂ)) aﬂ’ (38)

The above formula shows the reserve as the present value of the
premium difference payable over the remaining premium-payment
term, using the risk-free discount rate r. The premium difference is
obtained by subtracting the annual indifference premium P(Zﬂ) at time
0 from the fully continuous annual indifference premium P(4;—;) for an
insurance issued at time ¢ for the remaining term.

We can also derive a formula, called the paid-up insurance formula,
for 117(2;‘) ; we do so by factoring the current value of the equivalent of
future benefits, 4— , out of the reserve formula:

Tt
,V(Zﬂ) = A— - P(4) @

T—1] 71|

PR Il i
1= P =—"| A
T—]
S PG 1 I (39)
P(A)| T

Theorem 7 (Retrospective method): The exponential reserves,
IV(ZT‘), of the insurance contract with the fully continuous annual
indifference premium P(45) is calculated by the following retrospective
method,

© Institute of Actuaries of Australia 2010
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117(27’-‘) = ﬁ(‘zﬂ) E,"_rKvo s (40)
where K, = ,C, """,

Proof: From the prospective formula of reserves,
V(Ay) = Ay — P(4;) ar,

= T

1T

= ff[My(yeW)-l]ds - P(dy) ———

= T f“f[ ey = s [, e ) < s |

o (11
- P(4) 1%
—r - ﬂl T ' -5 = - A’ ! r -5
=T ”;IO [My(ye =y — l}ds—e r-n ;J.O[My(}/e T=y — les
_ _ (T
- P(4) Ie™ ™
‘ r

rt —rT

=" {e’MIT[MY(yeW) ~ 1 ds—P(4;)—— }—e”” Co
Y r

0

r r
DA t l-¢"
= P 7) € |: . i| K,
= P(4) 5, - K,

The retrospective formula for the exponential reserves, ,V(Zﬁ) =
P(45) 5; - K, , is the difference between the accumulated value of the
past indifference premiums using the risk-free rate and the current value
of the certainty equivalent of the past benefit payments from time 0 to
current time t:
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Exponential Reserves =
Accumulation of past premiums
— Current value of the past certainty equivalent of benefit payments.

For the insurance contraets with the discrete type annual
indifference premium P(Zﬂ) = I the exponential reserve at time ¢ is
a

calculated by 7l

V(A ) = A P(Zﬂ) o

= P(4;) §, - K,, (41)

.. I-v .. e -1
where gy = ,and & =

For the insurance contracts with the level annual indifference
premium payable in 12 thly installments at the beginning of each m-thly
period, P(””(AT‘) = (m) ,
by i

the exponential reserve at time ¢ is calculated

VA = A= PU(A) G

71|

=1 (M)(Zﬂ) §?(\m) - K, (42)
-V e’ - 1/m
«(m) __ (m) m) __
where @ = —o 0 S = d("” ,and d™ = m[l—(l—d) J

Numerical Example

As an example, we assume that the claim amount Y follows an
exponential distribution with one parameter, 6 :

_—

S ) =

The moment-generating function of Y is

M, =(1-6n",t<1/6.

The certainty equivalent of benefits from time ¢ to time 7 is

© Institute of Actuaries of Australia 2010
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.C = %LT[My(ye"”*”)—l]ds

A 1-6
= —log 7sz
yr 1- 076" )

For illustration purposes’, we consider a 20-year insurance contract
(T = 20) with 10-year premium payment periods (£ = 10). We assume
that the parameters are A= 0.00005, y = 0.0000016, and 6 = 100,000.
When the risk-free rate r is assumed to be 4%, the single indifference
premium is 93.31916, and the 10-year annual indifference premium is
11.32239. As the graph of the exponential reserves Zm shows (Fig. 1),
for the insurance contracts with a single indifference premium, the
reserves decrease to 0 as time approaches maturity year 20.

Figure 1 Reserves with Single Indifference Premiums®
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From adopting 1% higher and lower risk aversion coefficients to

calculate the reserve values, we can verify that the increase in risk
aversion coefficient y will increase the single indifference premium to

4 The assumptions and the chosen parameters are artificial. The reader may consider other types of insurance

with different maturities, payment periods, and parameters. For long term general insurance contracts we can set

the reserves from year to year, but for short term general insurance contracts we may consider a different way
such as monthly based reserves.

5 We change the risk aversion coefficient r by 1% up and down to calculate the reserve values, i.e., high

gamma = 4 #(1+1%) and low gamma = 4 *(1-1%).
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96.85288 and that, hence, the reserves will also increase. When the risk
aversion coefficient is decreased by 1%, then the single indifference
premium is decreased to 90.05325 and the reserves also decrease.

As the graph of the exponential reserves ’1,17(,2?‘) shows (Fig. 2), for
the insurance contracts with 10 years of annual premiums, we notice that
the 10-year annual indifference premium increases to 11.75114 and that
the reserves also increased with a higher risk aversion. With a lower risk
aversion, the 10-year annual indifference premium decreases to 10.92614
and the reserves also decrease. With the initial reserves equal to zero,
the reserve values increase during the premium payment periods and
then decrease back to zero. We may notice that the reserve values can
be negative for some insurance contracts; in terms of regulatory issues,
this should be taken into the consideration when we develop insurance

policies.
Figure 2 Reserves with 10-Year Annual Indifference
Premiums
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7

Conclusions

We considered a collective risk model for the liability process of
insurance claims from a portfolio of insurance policies. We assume that
the insurer is willing to invest in both risky and risk-free assets, and the
surplus process follows a jump-diffusion process. We calculated the
single indifference premium, such that the optimal value without
liability is the same as the optimal value with an additional single
premium for assuming liability. The annual indifference premium is
calculated under the certainty equivalence principle: the discounted
certainty equivalent of future indifference premiums equals the current
value of the certainty equivalent of future benefits. This principle is
similar to the equivalence principle, which is used to calculate benefit
premiums for life insurance policies.

We can conclude that the exponential reserves constitute the
difference between the current value of the future certainty equivalent
of benefits and the present value of the future certainty equivalent of
premiums discounted to the risk-free rate under the prospective
method. This is similar to the benefit reserve, which is a conditional
expectation of the difference between the present value of future
benefits and the present value of future benefit premiums. The
exponential reserves under the retrospective method constitute the
difference between the accumulated value of the past indifference
premiums using the risk-free rate and the current value of the certainty
equivalent of the past benefit payments from initial time to current time.
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Appendix

Proof of Theorem 3: For the moment, we assume r = 0. We assume
that the value function, V(X, ¢), is a C*-function and satisfies the
Hamilton-Jacobi-Bellman (HJB) equation,
oV 1 2 2 7Y
=~ fmax (ﬂy+pt)Vx+57z oV, (~V(X.)A[1-E[e"]] =0, (A1)

ot i}

with the boundary condition at time 7,

Vix, T)= -7 , VxeR.

We try V(x,t) = —e " f(¢); then, the HIB equation equals
@+ x| )3 7E L0+ S04 =0, (A2)
where f = 1-E[¢”"] <0.

The first-order condition in the HJB equation is
m—my’e’ =0,

and the optimal investment strategy is
By plugging z" into the HIB equation (A2), we have

=10 + [;ﬂﬁ me(r) + f0ip =0.
o
Solving the equation, we can find f{(?):
fly) = exp{—(;ﬂz +Af+ }/pl](T —t)} ,
o

as well as the optimal value function.

When r > 0, the surplus (net wealth) process X = {X, 0 < s < T} of
the insurer is expressed by
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dX =(u —-1r)z,ds+ o 7, dW_+rX ds+p ds—dL,

HT-s).,

We can simplify the surplus process by multiplying €
d(e™X)=e"dX -re™ X ds
=™ [(u -1)7,ds+ o 7, dW_+p ds—dL].

Let X, =e"™ X, p, =e ™ p,and #, =™ x_;then, we have

dX, =(u —-1) #,ds+ o #, dW_+ p,ds—e™ dL. (A4)
For a C*'-function V( X,, t), we consider the HJB equation

Z—It/-&-n}g}x{(ﬁ(y—r)-rﬁt)l/} +%7%202Vﬁ}—V()?,,t)/i[l—E[e“;’]J =0, (A5)

where ¥ =Y e ™.

The boundary condition at time 7'is
V(x,T)y=—-"" , VxeR.

We try V(X ,t) = —exp(—y%) f(t); then, the HJB equation becomes
10 + H}?\X{J/{fr(u—r)+ﬁ,}—%727?202}f(t) + [0, =0, (A6)
where ,[;’, = l—E[exp(;/f’,)J <0.

The first-order condition in the HIB equation is
y(u-r-ay’c’ =0,

and the optimal investment strategy is

—-r
e ey s
il g = K

t t 2

Jyo

SO
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g HTT
pEe T

Jyo

T

By plugging 7, into the HIB equation (A6), we derive

) + [ (u=ry +yp,]f<r) + fOIf =0,

In solving the equation, we find f{(1):
1 r s ~
fiv = exp{ [ { Chii ‘>p,+ws}ds},
2 o’

and we have the optimal value.
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What is it that makes the Swiss annuitise?
A description of the Swiss retirement system

B Avanzi*

The Swiss model of retirement savings and benefits distinguishes itself in
several aspects. The system is successful in encouraging substantial savings,
which are exonerated from tax and guaranteed. The associated market risk is not
transferred to the individuals. From an international perspective it is
extraordinary that more than half of the Swiss who retire choose to annuitise
their capital at retirement. In addition, not only does the retirement scheme
offer annuity benefits at retirement, but it also offers annuity benefits on
disability and death.

In this paper, the Swiss old age security system is described with an emphasis
on retirement benefits, giving some insights as to what in Switzerland could
explain why the so-called “annuity puzzle' is not observed. This question is of
relevance for countries that wish to encourage annuitisation as a powerful tool to
deal with the longevity risk of their elder population.

Keywords: annuity puzzle, pensions, Switzerland
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Introduction

In today's world of increasing longevity and financial uncertainty,
public policy on retirement systems is a hot topic. Of prominent interest is
the promotion of annuitisation. Indeed, annuities transfer both longevity
and investment risks to their provider by delivering a guaranteed, stable
flow of income until death. These desirable properties have been shown by
economists to be welfare enhancing (Davidoff et al., 2005). However, there
is surprisingly little demand for annuities around the world (Purcal and
Piggott, 2008) including Australia (Borowski, 2008). Only 61 lifetime
annuities' were sold on the whole Australian market in 2008! This
widespread international contradiction is often referred to as the “annuity
puzzle'.

Switzerland is an interesting exception. There, most of the Swiss decide
to annuitise their savings at retirement. In 2003, almost two thirds of the
Swiss converted the total amount of their retirement capital into an
annuity, and only a fourth of them asked for the totality of their capital to
be paid as a lump sum (Biitler, 2003). At the same time, 78% of the income
of the retirees was received in the form of an annuity, whereas investment
income generated from wealth accounted for only 14.9% (OFS, 2007). Out
of 7.6 million residents in Switzerland in 2007 more than 930,000 were
receiving an annuity from the Swiss second pillar (OFAS, 2010). Besides,
Switzerland is one of the few countries with global private pension savings
exceeding the gross domestic product (Gerber and Weber, 2007),
aggregating to an amount of CHF’ 537 billion in 2008’ (OFAS, 2010).

The fact that the so-called ‘annuity puzzle’ is not observed in
Switzerland is... puzzling! This paper aims at giving some explanations on
this situation. This cannot be done without describing this surprising
system at a certain level of detail, which is an inspiring exercise in itself.

The next section provides a brief overview of the Swiss old age security
system. Section 3 focuses on its second pillar and gives details about its
associated benefits and organisation. Whereas Section 4 discusses the

1 For a total amount of AUD 560,000 per annum, approximately USD 570,000 (Plan for Life Research, 2008).
2 At the time this paper was accepted for publication, CHF and USD were trading at par.
3 Note that this amount is low as a result of the global financial crisis and was well above CHF 600 billion in 2007.
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choice between an annuity and a lump sum as the main retirement benefit,
Section 5 highlights the special features that encourage a high level of
annuitisation. Some of the issues the system is currently facing are
discussed in Section 6. Section 7 concludes.

Overview of the Swiss old age security system

The Swiss old age security system is based on three pillars. Although
the main focus of this paper is on retirement, there is a strong nexus
between retirement savings and disability and death benefits. These three
eventualities are always considered together and the associated system of
policies is referred to as ‘forethought™ (if translated literally). This word
reflects well the properties of anticipation, planning, prudence and vision,
and it will be used throughout this paper.

In a nutshell, the first pillar represents the universal benefits that any
resident is entitled to, and is run by the government. Whereas the second
pillar is highly regulated and controlled by the government, it is run
independently and is entirely self financed. Its goal is to complement the
first pillar for the active population (with an income) and is thus usually
referred to as ‘professional forethought’. The third pillar essentially refers
to individual initiative and can be regulated or not (see also Section 2.2).

The main characteristics of the Swiss three pillars are summarised in
Table 1, whose components are developed in the following subsections. It
is remarkable that the whole system is articulated and coordinated in terms
of (multiples of) a reference variable, denoted here by M, that is adapted
to the level of prices and wages every two years by the government’.

Note that although the contents of this paper outline the main features
of the Swiss system, many exceptions apply. In particular, although
Switzerland is not a member of the European Union, many legal
agreements between both parties exist. This has a direct impact on how the
Swiss system is run and adds to its inherent complexity.

4 ‘Prévoyance’ in French, ‘Vorsorge’ in German.
5 In 2010, the reference variable M is worth CHF 1,140.
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2.1

Table 1: The three pillars of the Swiss old age security

system

Social Security | Professional forethought Savings
Pillar 1 2a 2b 3a 3b
Who? Al S wiss Swiss workforce n/a

residents

Mandatory? yes yes no no
Regulated? yes yes yes yes no
Insured salary (OM = 72M) 18M-72M | OM -720M n/a
Tax incentives n/a yes yes no
Funding pay-as-you-go sorfrlgiiixttir:ms funded

Demographic and economic framework

Before going into further details, some demographic and economic
figures on Switzerland are presented in order to help the reader put the
following in perspective.

In 2008, 7.7 million people were residing in Switzerland, of which
16.6% were 64 years old or more and 4.7% were more than 80 (OFS,
2010b). This last percentage increased dramatically in the previous years.
According to Eurostat (2009), Switzerland had in 2006 one of the highest
life expectancies of the European Union (EU) and European Free Trade
Association’ (EFTA) combined. Men had a life expectancy at birth of 79.2
years (second rank after Iceland—79.5 years) and women 84.2 years (second
rank after France and Spain—84.4 years). At the age of 65, men could
expect to live another 18.5 years (second rank after Iceland —18.52 years)
and women another 22.08 years (second rank after France—22.62 years).
The ratio between retired and active population is expected to increase
from 25% in 2000 to more than 50% in 2050 (OFAS, 2010). In 2008, the

6 This organisation used to group most of the European countries. Since the creation of the European Union,
members left and only the non-EU members Iceland, Liechtenstein, Norway and Switzerland remain.
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2.2

2.3

Gross Domestic Product (GDP) per capita was CHF 70,272 p.a. (OFS,
2010b) and the average gross wage was CHF 72,552 p.a. (OFS, 2010a).

Personal coverage

All residents of Switzerland (Swiss or foreigners) are covered by the
social security system (the first pillar), even if they do not have any
income’. Coverage under the minimum occupational plan (pillar 2a)
defined in the law is mandatory for employees (as opposed to self-
employed) that have a minimum level of salary from the same employer
(18M on an annual basis) for more than 3 months. Often, second pillar
plans offer better benefits than the minimum plan. In that case, what
exceeds the minimum benefits is considered as pillar 2b°. The second pillar
(2a and 2b) is referred to as ‘professional forethought’. Self-employed may
enter such a plan (often set up by a professional association) on a
voluntary basis, and some of them do’. Even though the government has
the option (since the introduction of the law in 1985) to make it mandatory
for certain categories of self-employed, it has never exercised it. Finally, if
individual voluntary investments, whose form can range from a simple
savings bank account to investments in mutual funds with death and
disability riders, meet some legal criteria, they are classified as pillar 3a.
These qualified investments attract some advantages (the main one being
tax exoneration), and of course some constraints, and are regulated. Any
other unregulated type of investment linked to ‘forethought’ is classified in
the pillar 3b.

Benefits
Benefits offered by the social security are not means-tested but

earnings-related. Declared incomes during contribution years are averaged
and indexed to form a base salary. Extras are added in certain

7 Because of its agreements with the EU, Swiss residents who work preeminently in a country of the EU and EU
residents who work preeminently in Switzerland are insured under the system of the country where they work. If
they work in several countries and if no preeminent country can be determined, they are insured in their country of
residence.

8 Consider the following numerical example. An employee has a gross salary of CHF 100,000 p.a. and is affiliated to
a pension fund that defines its insured salary as the gross salary (as opposed to the minimum insured salary, see also
Section 3.1 and Appendix A.1). This employee has the maximal insured salary under the 1st pillar (since 100,000 >
72M = 82,080), has an insured salary of CHF 54M = 61,560 under pillar 2a and an insured salary of CHF 100,000 —
54M = 38,440 (the difference) under pillar 2b.

9 This is especially the case of self-employed with higher levels of income, because of the associated tax breaks.
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circumstances, such as if the insured took care of children, or if he" is
young (in case of death or disability). This adjusted base salary is
translated into a base annuity, which ranges from a minimum of 12M per
year (for very small salaries) to a maximum of 24M" (for base salaries over
72M), which corresponds to approximately 20% and 40% of the average
wage, respectively. In order to have full benefits, the insured need in
addition to have paid a minimal contribution every year of their life since
they turned 20 and until the benefit is calculated (retirement age, death or
disability). If they don't, their annuity corresponds to the proportion of
contributed years, times the base annuity. Married couples get a maximum
of 36M per year when they both retire (instead of 48M). Survivor partner”
and children annuities are of 80% and 40% each of the insured annuity,
respectively. A global maximum applies in case of many eligible children.

Switzerland was the first OECD country to mandate a second pillar
cover to complement the social security benefits. The goal was to prov