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1. Introduction 

The creation of the firm as an entity with its own rights, assets and obligations is one of the more 

significant human creations.  The provision of ‘limited liability’ to a firm has provided entrepreneurs 

with an incentive to commit their resources and has allowed us as a society to be bolder than we 

would potentially otherwise have been. 

 

From the time of the very first corporations a capital structure has been broadly divided into two 

parts: debt and equity.  Equity holders are generally the owners and controllers of the firm.  In 

return for this the capital they provide is at risk first.  Debt holders represent a more passive investor 

– largely going along for the ride with minimal control over the direction of the firm. 

 

The stakeholders are different, the contingencies are often opposed, but both share a similar 

outcome – one that is dependent on the success or otherwise of the firm.  Ultimately both positions 

are betting on the same outcome.  Why then do we approach their valuation from such disparate 

positions? History is largely to blame but also a bit of convenience and perhaps some laziness as 

well. 

 

Over the past 60 years attempts have been made to achieve more consistency in the approach to 

pricing debt and equity instruments.  The advancements in option theory in the 1970s shed new 

light on the issue and provided a different framework to view debt and equity through.  These 

developments provide much of the groundwork for what we discuss. 

 

I don’t want to over promise.  This paper most likely asks more questions than it answers.  At the 

very least I would like to re-invigorate a debate that has quietened recently.  What the debt is equity 

anyway? Why have the attempts made for further consistency failed to gain wide acceptance 

amongst practitioners?  This paper outlines the development of the theory to date and concludes by 

summarising the limitations of these efforts and proposing other possibilities for further progress. 

 

A significant part of what is covered here will be familiar to many.  It is a necessary account of how 

the theory has progressed over the last 40 years.   A large portion of the practitioners in the market 

today are a substantial way behind the theory in this area.  Actuaries, in general, are particularly so. 

1.1. What is the Motivation? 

Why would we desire a more comprehensive framework that includes both debt and equity in a 

consistent manner?  Here we look at some of the motivations. 

1.1.1. Pricing Consistency 

The ultimate motivation is in gaining more consistency in the way in which debt and equity 

instruments are priced.   There are a number of reasons why a better understanding of the 

relationships between debt and equity would be beneficial to financial market participants.  Some of 

these include: 

 
 Arbitrage - Where there are inconsistencies in pricing, arbitrage lurks also.  Identifying 

inconsistencies in pricing can allow participants to make significant low-risk profits – for at least 

a time until the market caches up with them.  Both participants and regulators have substantial 

interest in understanding the sources and consequences of pricing inconsistency. 
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 Raising Capital - When raising capital for a firm there is naturally an opposition created between 

the equity and debt holders of the firm.  What compensation should debt holders receive in the 

form of ‘credit spreads’ to represent the level of equity in the firm and the riskiness of the 

activities? Likewise, how should the levels of debt and associated covenants influence the 

valuation of equity securities. 

 Hybrids - The popularity of Hybrid investments has grown substantially over the past 20 years.  

Hybrids are capital instruments that contain features of both debt and equity and are issued to 

take advantage of the nature of these two different markets.  The pricing of Hybrids requires 

both disciplines and is an area where further consistency in the approaches would benefit 

greatly. 

1.1.1. Enhancing Credit Scoring 

Whilst credit agency ratings provide a relatively accurate picture of the probability of default for a 

cohort of firms in the long run (at least 1 year) – they are poor at keeping up with positive and 

negative developments in the shorter term.   

 

Historically they have been based on disclosed financial information and have been considered to lag 

the real world.  Equity prices, on the other hand, respond more directly to changes in business 

conditions.  Indeed they also respond to ‘inside’ information, rumours and future expectations of the 

firm more directly.  The information contained in equity prices is richer than back-ward looking 

financial statements.  

 

The ‘tech-wreck’ at the turn of the century thrust the issue of debt miss-pricing into the spotlight, 

though the issue had been brewing for some time.  A couple of notable corporate failures 

highlighted issues with traditional credit scoring techniques. 

 

Enron 

Though not strictly a ‘tech’ firm Enron was one of the darlings of the stock market during the late 

1990’s in the run-up to the collapse.  The rapid demise of the company raised substantial questions 

about the accuracy of credit ratings and how they corresponded to the development of the equity 

price over the same period. 

 

Most ratings agencies rated Enron as investment grade (BBB) only days before it filed for chapter 11 

protection in the US.  Generally investment grade implies that there is an expected probability of 

default in the order of 0.15% to 0.20% on a one year time horizon. 

 

During the 12 months prior to failure equity markets indicated that all was not well.  Figure 1.1 

highlights the issue.   

 

It shows the predicted 1yr default rates implied firstly by the S&P rating attached to the issue as well 

as what was predicted via a structural model of debt (KMV Model).  Structural models of debt have 

the ability to incorporate equity price movements into predictions for default rates and will be 

discussed further in section 3 and section 4. 

Figure 1.1 – Enron 1997 to 2001 



What the Debt is Equity Anyway?                                                                                              J. Tindall 

 

4 
 

 

0.0%

0.5%

1.0%

1.5%

2.0%

1y
r 

P
ro

b
ab

ili
ty

 o
f d

ef
au

lt

KMV Model S&P Rating
 

 

Whilst the ratings agencies were arguably slow to move there is a clear indication being given to the 

debt markets by equity markets – at least 6 months prior to the ultimate collapse of Enron. 

 

WorldCom 

WorldCom were another popular stock at the turn of the century.  A telecommunications company 

that, when collapsing in July 2002, had approximately $43bn in debts.  This made it the largest 

bankruptcy in US history before Lehman Brothers dwarfed it 6 years later. 

Once again Figure 1.2 shows the changes in 1yr probability of defaults in the lead-up to WorldCom’s 

collapse. 
Figure 1.2 – WorldCom 1999 to 2002 
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The story is a similar one.  Credit ratings were slow to respond.  Significant changes in the riskiness of 

the debt were being felt in equity markets long before the traditional, backward looking credit 

models and agencies responded.  Whilst the credit spreads on the debt securities do move during 

these periods they are modest compared with the KMV model predictions and are highly anchored 

by the issuance’s credit rating. 

 

Rating agencies, to be fair, have responded to the criticisms over time.  In 2002 Moody’s purchased 

the KMV Corporation – an organisation at the forefront of the structured approach to debt pricing 

and developers of the KMV model that was used to estimate the default probabilities contained in 

Figure 1.1 and Figure 1.2. 

Source: Saunders and 

Allen [2002] 

Source: Moody's KMV 

website and Standard & 

Poor's Corporation. 



What the Debt is Equity Anyway?                                                                                              J. Tindall 

 

5 
 

 

1.2. Literature Review 

Miller and Modigliani (1958) made some of the first substantive inroads into the consistent 

treatment of debt and equity instruments.  They outlined a theory for how debt and equity prices 

influence each other and proposed a hypothesis and a basic model for their interaction. 

 

Nearly as soon as Black and Scholes (1973) realised the simplicity with which contingent liabilities 

could be assessed, Merton realised that it could be extended more broadly.   

 

Only months after the seminal Black Scholes paper, Merton (1974) extended the framework to 

consider a broader class of contingent liabilities - most importantly debt instruments.  He wasn’t the 

first to realise but was the first to derive it explicitly: equity and debt instruments are just derivatives 

over the assets of the firm.  Much of the theory that Merton developed was utilised by Kealhofer, 

McQuown and Vasicek in the formulation of their KMV model for estimating expected default 

frequencies (EDFs). 

 

Great advances were made in a crucial paper by Leland (1994).  Here for the first time taxation and 

bankruptcy effects were dealt with within the structured approach originally developed by Merton.  

Importantly the solution was analytic: that is it could be written neatly in a few lines.   

 

The framework and results developed by Leland have been extended in the intervening years to 

overcome specific restrictions contained in the original specification of the model.  Ju et al (2004) 

removed the restriction of applying to perpetual debt securities only, providing solutions for finite 

maturity debt issues.  Hackbarth, Hennessy & Leland (2006) extended the theory to consider more 

than a single debt issuance for a firm including a mixture of public and private debt. 

Whilst all of this progressed has been made in extending the structural approach all of the attempts 

have had to overlay increasingly simplified assumptions.  These assumptions have meant that the 

solutions that are derived are difficult to apply to the pricing of securities found in the market place 

with great accuracy. 

1.3. Structure of this Paper 

The remainder of this paper is arranged as follows: 

Section 2 takes a broad view of the theory of the firm and focuses on those aspects that will be 

important to our investigation later.  In particular this demands understanding the differences 

between debt and equity and taking a close look at the dynamics of corporate default.   

 

Section 3 goes through some of the basic theory behind the structural approach to debt pricing 

developed by Merton in the 1970s.  It derives closed-form solutions for the pricing of debt 

obligations and also obtains solutions for other debt parameters. 

 

Section 4 extends the theory of section 3 following Leland (1994) amongst others. This section 

investigates some of the enhancements made to the structured approach to allow the consideration 

of more complex effects such as bankruptcy costs and taxation.  We also look at attempts made to 

better reflect the failure of a firm by Black & Cox (1976) 

 

Finally section 5 proposes further steps to enhance the approach with looks to overcome a number 

of the issues that the structured approach to debt and equity pricing has faced to-date. 
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2. The Theory of the Firm 

Equity is from Venus and Debt from Mars.  That is at least how the respective disciplines seem to 

have to develop so disparately over the past 100 years.  This parallel evolution has its roots in history 

but also in a previous inability to satisfactorily link the interests of debt and equity holders. 

 

Within most modern investment banks debt and equity constitute two completely separate worlds.  

They have different heads who report through different channels.  They contain staff with vastly 

different backgrounds and skill sets – and use lingo that can’t easily be translated between the two.  

These two worlds have evolved gradually over the past 100 years and their techniques for valuation 

are generally firmly entrenched. 

 

What’s more is that these areas are often fiercely competitive – essentially fighting each other over 

the same pot of money or opportunities.  Financial institutions allocate their available capital to 

activities that produce the best outcomes for the firm.  

 

In the primary market debt issuances rely heavily on the ratings assigned to them by the various 

agencies – in return for a fee.  Equity on the other hand goes through a placement process which 

generally involves both retail and institutional ‘book-builds’ – a more transparent, market based 

approach 

 

All of these things have led to a relatively divergent body of practice when it comes to valuation.  

Why is this so – aren’t we essentially valuing the some outcome? 

2.1. Equity vs Debt 

How do we define equity and debt?  Why do we make this distinction when we approach the pricing 

of securities that are essentially modelling the same underlying process?  We must look more closely 

at the properties of debt and equity investments. 

 

Equity capital is the capital that is freely available and unencumbered by contingencies or claims 

over the assets of the firm.  It is comprised of the sum of the original equity invested and the total 

retained earnings of the firm up to that point in time. 

 

Debt capital by contrast has priority in its claims over the assets of the firm.  To compensate for this 

debt holders don’t participate in the upside to the firm to the same extent as the equity holders.  In 

addition they give up many of the rights of control that equity holders possess. 

 

From these definitions we can see that they are not really so different as to require two separate 

disciplines.  They differ in the level of influence exerted over the firm and the extent to which they 

enjoy the upside and suffer the downside experience.  The pricing methodology should reflect this.   

 

Equity holders get confused with the owners of a firm even though this is only approximately true.  

Debt holders can actually hold a substantial amount of control over a company – particularly as they 

enter financial distress or approach default.  We will gloss over this in the short term in the interests 

of making progress but it will come back to bite us later on. 
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Both of these parties are invested in the good health of the firm but to different degrees.  Here we 

have a look at the parameters that determine the boundary between debt and equity financing and 

largely dictate how they interact with each other.   

2.2. Asset & Liability Processes 

Assets and liabilities follow interrelated processes that are dependent on a range of parameters.  For 

simplicity they are often assumed to be independent of one another; however they are not, 

particularly as firm approaches insolvency or works its way through receivership.  

 
Figure 2.1 – Asset and Liability processes 
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Generally the asset values are assumed to follow a stochastic process.  This is most commonly 

assumed to be Geometric Brownian Motion (gBm) due to its suitability for modelling financial 

variables and its attractiveness in allowing closed-form solution across a range of applications.  A 

random variable X is said to be gBm if it obeys: 

 

 𝑑𝑋 =  𝛼. 𝑋. dt +  b. X . dW𝑡  (2.1) 

Two of the most important features of gBm are that it does not permit the process to go negative 

and that the randomness of the process (𝑏. 𝑋. 𝑑𝑊𝑡) is proportional to the level of the process, X. 

 

Liabilities are treated differently.  To begin with we will not only assume that liabilities follow step-

wise processes we will additional assume they are constant over time. This is an initial over 

simplified view of the debt and equity process underlying our investigation – that we will relax in 

part later on. 

 

In fact the liabilities are made up of many types of debt and also debts that are associated with other 

creditors of the firm, for example, trade creditors.  The total assets of the firm are at all times made 

up of the sum of the liabilities and the equity retained in the firm. 

 
Figure 2.2 – Debt Subordination 
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The various layers of debt each perform differently, attracting different ‘spreads’, compensating for 

the different risk profiles of each ‘tranche’. 

2.3. Failure Events 

Failure is where the concepts of debt and equity truly meet and face-off.  A company dies (defaults) 

when it runs out of blood (liquidity).  When assets aren’t immediately available to fulfil an obligation 

as it becomes due – that is when the blood runs out. 

 

At a high level there are essentially only two ways that a firm can fail; they are either unable to pay 

creditors as and when they are due or a regulator deems that they are insufficiently capitalised to 

continue trading as usual. 

 

The first relates to an inadequate liquidity of assets whereas the second relates to an inadequate 

level of assets overall.  For the mean time we will ignore the possibility of voluntary process of 

bankruptcy, liquidation or receivership. 

At the point of failure there is a discontinuity – generally represented by a firm being placed into 

receivership or liquidation.  This discontinuity affects assets and liabilities.  The company suddenly 

transitions from a ‘going concern’ to something less, having an immediate impact on the value of its 

assets.   

Furthermore, as a result of the difficulties, increased scrutiny is placed on the accounts of the firms 

and the quality of the asset valuations in particular.  Inflated valuations and even fraud and 

misappropriation are often uncovered during this process.  This adds to the devaluing effect on the 

level of assets available to meet creditor’s demands. 

Figure 2.3 – The Failure discontinuity 
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Liabilities are also often affected at the point of failure.  Debt covenants can be triggered by 

particular levels of solvency or credit rating can impact both the subordination and size of debt 

issued by the firm.  For the meantime we will assume that they aren’t directly affected. 

We will look more closely at the failure discontinuity in section 4  when we seek to extend the 

structured, ‘option –theoretic’ approach. 

2.4. Option Formulation 

Our definitions of debt and equity outlined earlier lead us to be able to think of each as being 

particular forms of contingent claims over the assets of the firm.  Most of the remainder of this 

paper requires viewing these instruments within this framework.  This section introduces the 

concept. 

2.4.1. Equity 

At all times, upon the liquidation of a firm, equity holders are entitled to the amount by which the 

assets of a firm exceed the liabilities.  In addition, equity holders have the benefit of limited liability.  

That is, they know that they can only ever lose their contributed equity – nothing more.  

 

Putting this mathematically, if At represents the assets of a firm at time t and L the total liabilities of 

the firm then we can write the payoff at any time to the equity holders as: 

 
𝑃𝑇 = { 

𝐴𝑇 − 𝐿    𝑖𝑓 𝐴𝑇 > 𝐿   (2.2) 

 0    𝑖𝑓 𝐴𝑇 ≤ 𝐿  (2.3) 

Or in other words: 

 𝑃𝐸 = max  {0 , 𝐴𝑡 − 𝐿}  (2.4) 

 

AA 
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A+ 
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Now this is just the payoff of a call option over the assets of the firm.  The exercise price of the 

option is the total liabilities of the firm, L.   I.e. the option is ‘struck’ at the total level of the firm’s 

debt. 

2.4.2. Debt 

So how about the debt holders?  The most that they seek to gain is the yield to maturity on their 

investment.  The maximum possible loss is their entire investment – even though this is rare for 

most defaults and bankruptcies. 

 

 
𝑃𝑇 = { 

𝐿    𝑖𝑓 𝐴𝑇 > 𝐿   (2.5) 

 𝐴𝑇    𝑖𝑓 𝐴𝑇 ≤ 𝐿  (2.6) 

 

Again, in simpler notation this is: 

 𝑃𝑇 = min  {𝐴𝑡 , 𝐿} (2.7) 

 

Rearranging we get: 

 𝑃𝑇 = − max  {−𝐿, −𝐴𝑡}  (2.8) 

 

 𝑃𝐷 = 𝐿 −  max  {0 , L − 𝐴𝑡} (2.9) 

 

Hence we simply have an investor who is long the (risk-free) liabilities of the firm and short a put 

option over the assets of the firm, struck at the level of liabilities, L. 

 

This relationship is easy to visualise if we consider pay-off diagrams for the individual components:  

Riskless debt that returns L to the investor at maturity, and, a short put-option over the assets of the 

firm struck at L. 

 

Figure 2.4 outlines the pay-offs at maturity for each of the instruments 

 
Figure 2.4 – Constructing Risky Debt 
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We can see from the payoff diagrams that a risky debt security can be replicated as the combination 

of riskless debt and a short put-option over the assets of the firm. 

 

These concepts will provide the groundwork for building further consistency in the pricing of debt 

and equity in the remainder of this paper.  

L 

-L 
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3. Debt and Equity Pricing 

3.1. Historical Approaches to Pricing Debt 

Debt markets are very old.  Some of the first widely traded bond issuances date back to 1623 

involving the Dutch East India Company.  Whist methods and sophistication has evolved 

substantially since then the broad principles remain similar: 

a. Determine what a reasonable rate of return is for delaying one’s expenditure – what is called 

the risk-free interest rate; 

b. Add to this a margin to reflect the riskiness of the issuer – i.e. the probability that the issuer 

will not meet its obligations to repay coupons ort principal as required. 

Part (a) is generally assessed by reference to external economic conditions or other variables 

exogenous to the firm.  

Part (b) requires an understanding of the specifics of the issuer, its assets and its liabilities.  The 

return generated from this component compensates the investor for the possibility that the issuer 

will default on its obligations. 

3.2. Credit risk models 

Historically practitioners have undertaken a valuation of debt that decomposes the sources of ‘loss’ 

into 2 parts: 

𝑷𝑫  
𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑑𝑒𝑓𝑎𝑢𝑙𝑡 

× 
𝑳𝑮𝑫  

𝑙𝑜𝑠𝑠 𝑔𝑖𝑣𝑒𝑛 𝑑𝑒𝑓𝑎𝑢𝑙𝑡 

Ratings agencies have traditionally focussed themselves on the first part – the chance that a firm or 

institution could default on its obligations.  The credit ratings that they assign (AA, A+ etc) estimate 

exactly this – the probability that a firm will default on its obligations over a particular time period. 

The second part of the equation has generally been approached by referencing historical defaults 

and calculating the percentage recovery that was obtained whilst undergoing receivership or 

liquidation procedures.  There are only tenuous links between this methodology and the way in 

which equity is priced. 

Most credit risk models used by practitioners assume that there is independence between the 

probability of default (PD) and the loss-given default (LGD).  This has been shown to be at best 

inaccurate1.   There is a significant degree of influence that the probability of default has over the 

eventual loss-given-default and the LDG’s are not stationary through time and are impacted by the 

prevailing economic conditions. 

 

                                                           

 
1
 Altman [2002] 
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Most modern credit models can be divided into two classes. 

3.2.1. Reduced Form Models 

Reduced form models are models of credit risk that don’t contain any pre-conceived notions about 

the ultimate structure of financial markets.  They are models that are driven by the data.   Reduced 

form credit models were first developed fully by Jarrow & Turnbull (1992). 

 

A reduced-form interpretation deliberately requires less information about a firm’s assets and 

liabilities than a structural approach does.  These models are popular amongst econometricians and 

are used for a range of purposes.  Rather than having complete knowledge of the state of the firm – 

a reduced form approach assumes that the practitioner has access to the same information as the 

‘public market’.  

 

Reduced form models have the advantage of being relatively easy to develop and can be built with 

reference to only a handful of exogenous variables – selected by the modeller.  The exact method by 

which a particular firm defaults is irrelevant.  They also benefit from the fact that they provide a 

tractable explanation of the dynamics of credit spreads in terms of widely accepted economic 

variables. 

 

One of the main short-comings of reduced-form methods is that they don’t offer explanations of 

causality for the practitioner and don’t readily suggest alternative methods to hedge or exploit 

arbitrage opportunities with other similar instruments. 

3.2.2. Structural Models 

Structural models of credit risk began with Merton’s original implementation and have developed 

substantially since then.  He was looking to extend the framework to consider derivatives where the 

underlying is the assets of the firm rather than a market-observable variable such as the stock price. 

 

The key difficulty in implementing a structural approach is in determining appropriate calibration of 

the dynamics of the firm – a process that is largely unobservable.  These parameters must be 

estimated by reference to the historical dynamics of firms with similar asset mixes and business 

models. 

3.3. What did Merton Realise? 

Within months of Black & Scholes (1973), Merton was looking to apply the theory to a wider set of 

financial structures.   

 

But to make this leap we need to relax one of Black and Scholes original assumptions i.e. that the 

underlying is tradeable, i.e.  is hedge-able.  For some assets on the balance sheet this might not be 

difficult – for example cash and a large range of the investments held.  However, for the majority of 

assets replication is difficult to achieve in practice. 

3.3.1. More Formally 

Of course it’s not enough to just identify that the boundary conditions are the same as we did in 

section 2.4.  We require the dynamics of the price for all time, t. 
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Similar to what Black & Scholes did for the share price Merton assumed that the asset value of a firm 

follows geometric Brownian motion: 

 

𝑑𝐴𝑡

𝐴𝑡
=  𝛼. dt +  σ. dW𝑡 (3.1) 

Here 𝛼 represents the rate of return on the assets after allowing for dividends and debt financing 

payments and 𝜎 is the volatility of the asset process.   dW𝑡 represents a standard Weiner process. 

In addition we assume that the securities we are interested in (debt and equity) are functional 

relations of the asset value and time, t: 

 𝑌 = 𝑓(𝐴, 𝑡) (3.2) 

 

Ito’s lemma allows us to determine 𝑑𝑌 via: 

 

 𝑑𝑌 =  
𝑑𝑌

𝑑𝐴
. 𝑑𝐴 +

1

2

𝑑2𝑌

𝑑𝐴2
. 𝑑𝐴2 + 

𝑑𝑌

𝑑𝑡
. 𝑑𝑡 (3.3) 

 

Substituting in from (3.1) we get 

 𝑑𝑌 =  (𝛼𝐴𝑡
𝑑𝑌

𝑑𝐴
+

𝑑𝑌

𝑑𝑡
+

1

2
.

𝑑2𝑌

𝑑𝐴2 𝜎2. 𝐴𝑡
2) . 𝑑𝑡 +  

𝑑𝑌

𝑑𝐴
. 𝜎𝐴𝑡 . 𝑑𝑊𝑡  (3.4) 

 

Then in the normal way we form a riskless portfolio by eliminating the uncertainty, i.e.  the ‘dW’ 

term.   Comparing (3.1) with (3.4) we create a portfolio that is short the security and long 
𝒅𝒀

𝒅𝑨
 units of 

the assets of the firm: 

 𝜋 =  −𝑌 +  
𝑑𝑌

𝑑𝐴
. 𝐴𝑡 (3.5) 

So  

 𝑑𝜋 =  −𝑑𝑌 + 
𝑑𝑌

𝑑𝐴
. 𝑑𝐴 (3.6) 

 

Then by letting this riskless portfolio achieve the risk-free rate r we get 

 
𝑑𝑌

𝑑𝑡
+ 𝑟. 𝐴𝑡 .

𝑑𝑌

𝑑𝐴
+

1

2
. 𝜎2. 𝐴𝑡

2.
𝑑2𝑌

𝑑𝐴2
= 𝑟𝑌 (3.7) 

 

This is the partial differential equation (PDE) that governs the dynamics of debt and equity prices 

and is analogous to the Black-Scholes PDE for a derivative over a stock. 

The solution to this is well known where the Black-Scholes assumptions are imposed.  These 

assumptions are important to consider in the context of our formulation – where the derivative is 

over the assets of the firm rather than the stock price. 

These assumptions include: 

 There are no frictional costs such as brokerage or taxes; 

 There are not arbitrage opportunities and a riskless portfolio returns the risk-free rate; 
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 Unlimited amounts of borrowing and lending are allowed at the risk-free rate; 

 The assets of the firm can be bought and sold in any amounts; 

 The term structure of interest rates is flat and known with certainty. 

Much of what remains ‘undone’ in this field relates to being able to overcome some of these 

assumptions to allow the structural approach to pricing equity and debt to be more flexible and 

realistic. 

3.3.2. The Value of Equity 

Firstly we will look at a call option of the assets of the firms where the exercise price of the option is 

equal to the level of liabilities.  At this stage we will assume that the liabilities are constant, L. 

The boundary conditions for such a call option are given by: 

 𝑌𝑇 =  0  𝑖𝑓 𝐴𝑇  ≤ 𝐿 (3.8) 

 𝑌𝑇 =   𝐴𝑇 − 𝐿  𝑖𝑓 𝐴𝑇  > 𝐿 (3.9) 

Or more compactly: 

 𝑌𝑇 = max  {0 , 𝐴𝑡 − 𝐿}  (3.10) 

i.e. a call option over the assets of the firm struck at L.  Solving equation (3.7) with boundary 

conditions (3.8) and (3.9) we get the equation for the value of the call option at any time t: 

 
𝐶𝑡 = 𝑌𝑡 =  𝐴𝑡 . 𝑵(𝑑1) + 𝐿. 𝑒−𝑟𝑡 . 𝑵(𝑑2) 

(3.11) 

As we have just shown that the value of equity can be considered as a call option over the assets of 

the firm, we can write: 

 𝑬𝒕 =  𝑨𝒕. 𝑵(𝒅𝟏) + 𝑳. 𝒆−𝒓𝒕 . 𝑵(𝒅𝟐) (3.12) 

 

where 

 
𝑑1 =  

𝑙𝑛 (
𝐴
𝐿) + (𝑟 +

𝜎2

2 ) . ∆𝑡

𝜎√∆𝑡
 

 

And, 

 
𝑑1 =  

𝑙𝑛 (
𝐴
𝐿

) + (𝑟 −
𝜎2

2
) . ∆𝑡

𝜎√∆𝑡
 

 

3.3.3. Valuing Debt 

Similarly we can look at the value of debt.  If all goes to plan then the purchaser of a debt security 

hopes to receive the face value at the maturity date of the debt.   
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i.e.  

 𝐷𝑇 =   𝐿  𝑖𝑓 𝐴𝑡  > 𝐿 (3.13) 

 

If not then they will receive less than this and the firm they financed will have defaulted.  The 

amount they lose depends on the amount by which the assets of the firm are less than the face 

value of the debt that is due. 

 

Hence the other boundary condition is: 

 

 𝐷𝑇 =   𝐴𝑇  𝑖𝑓 𝐴𝑇  ≤ 𝐿 (3.14) 

 

Following our derivation in 2.4.2 we look to initially determine the value of a put option over the 

assets of the firm with an exercise price equal to the total liabilities of the firm. 

 

The boundary conditions for such a put option are given by: 

 𝑌𝑇 =  0  𝑖𝑓 𝐴𝑇  ≤ 𝐿 (3.15) 

 𝑌𝑇 =   𝐴𝑇 − 𝐿  𝑖𝑓 𝐴𝑇  > 𝐿 (3.16) 

Or equivalently: 

 𝑌𝑇 = max   {0, 𝐴𝑡 − 𝐿}  (3.17) 

 

Once again if we solve equation (3.7) with boundary conditions (3.15) and (3.16) we get the value of 

the put option at any time t as: 

 

 𝑃𝑡 = 𝑌𝑡 =  𝐿. 𝑒−𝑟𝑡 . 𝑵(−𝑑2) − 𝐴𝑡 . 𝑵(−𝑑1) (3.18) 

 

Earlier in equation (2.9) we maintained that the value of risky debt was equal to the value of riskless 

debt plus a sold (short) put option over the assets of the firm.  Hence using (3.26) we can write the 

value of risky debt as: 

 

 𝐷𝑡 = 𝐿. 𝑒−𝑟𝑡. 𝑒 − [ 𝐿. 𝑒−𝑟𝑡 . 𝑵(−𝑑2) − 𝐴𝑡 . 𝑵(−𝑑1)]  (3.19) 

i.e. 

 𝐷𝑡 =  𝐿. 𝑒−𝑟𝑡 [1 − 𝑵(−𝑑2)] +   𝐴𝑡 . 𝑵(−𝑑1) (3.20) 

 

 𝑫𝒕 =  𝑳. 𝒆−𝒓𝒕 𝑵(𝒅𝟐) +   𝑨𝒕. 𝑵(−𝒅𝟏) (3.21) 

 

Where 𝑑1and 𝑑2 are defined as above in section 3.3.2.  

3.4. Distance to Default 

The term ‘distance to default’ is a natural consequence of the interpretation of equation (3.12).  In 

particular the term  𝑵(𝑑2) can be interpreted as the probability of an option ending ‘in-the-money’ 

– or in terms of our formulation it represents the probability that the assets of the firm (A) will 

exceed the liabilities (L) at maturity. 
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From this interpretation the variable  𝑑𝟐 can be considered as the ‘distance-to-default’ – i.e. the 

distance (in a statistical sense) from the current level of assets to the level at which default would 

occur. 

 
𝑑2 =  

𝑙𝑛 (
𝐴
𝐿∗) + (𝑟 −

𝜎2

2
) . ∆𝑡

𝜎√∆𝑡
 

(3.22) 

 

In practice a range of different proxies for the liabilities of the firm can be used in the equation 

above to gain the best fit to observed historical default rates.  These assumed ‘default points’ 

generally depend on the precise capital structure of the firm.  

These distances to default provide a direct link between the structural models of debt and the 

traditional probability of defaults that have dominated the historical approach to valuing debt.  The 

concept of ‘distance-to-default’ will become critical in proposing extensions to the structured 

approach to make it more realistic in modelling corporate defaults. 

3.5. Credit Spreads 

A ‘credit spread’ is the term given to the amount by which the yield to maturity on risky debt 

exceeds the yield to maturity of a default-free, zero-coupon bond.  It is the compensation given to 

the debt holder for the probability that the issuer defaults on its obligations to pay coupons or 

return principal. 

 

We can decompose the yield to maturity for the debt into its two components: 

 

 �̅� = 𝑟 + 𝑠 (3.23) 

 

i.e. the sum of the risk free rate, r, and the credit spread, s.  Hence we can write the value of the 

debt at time t as: 

 𝐷𝑡 = 𝐿. 𝑒−(𝑟𝑟𝑓+𝑠).∆𝑡 (3.24) 

 

 Substituting this into equation (3.21) we can see that: 

 

 𝐿. 𝑒−(𝑟𝑟𝑓+𝑠).∆𝑡 =  𝐿. 𝑒−𝑟∆𝑡 𝑵(𝑑2)  +   𝐴𝑡 . 𝑵(−𝑑1)  (3.25) 

 

Rearranging we get 

 

 𝑒−𝑠∆𝑡 =  𝑵(𝑑2)  +
  𝐴𝑡 . 𝑒−𝑟∆𝑡

𝐿
. 𝑵(−𝑑1) (3.26) 

 

 𝑠 =   
1

∆𝑡
[𝒍𝒏[𝑵(𝑑2)  +

  𝐴𝑡 . 𝑒−𝑟∆𝑡

𝐿
. 𝑵(−𝑑1)]] (3.27) 

 

Here we have an expression for the credit spread in terms of the term to maturity ∆𝑡, the volatility 

of the asset process 𝜎 as well as the leverage of the firm 
𝐴

𝐿
. 
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We can use this relationship to chart the term structure of credit spreads for a range of different  

Figure 3.1  - Term structure of credit spreads 
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The overall ‘shape’ of term structures produced conforms well to empirical studies even though the 

overall probability of default predicted by structural approaches tends to underestimate the real 

world. 

 

For firms employing low levels of leverage the credit spread is a monotonic increasing function of 

the term to maturity.  With high levels of leverage the greatest risk of failure is early on.  As time 

passes, if the firm has survived, it should be in better shape than it was as asset growth has 

improved the solvency of the firm.  Thus we get a downward shaping term structure of credit 

spreads. 

 

In-between these leverage levels we can get hump-shaped term structures as initially the risk of 

failure increase for term to maturity, but them after some time they too enjoy the ‘survivor bias’ and 

for them the risk of failure begins to diminish again. 

3.6. The KMV Implementation 

The KMV model is one of the more successful applications of the structured approach to have been 

used by practitioners in the market place.  The framework makes a number of simplifications so that 

a structural model can be adequately calibrated and implemented based on real world information 

sources. 

In the KMV implementation of the structural approach a ‘rule of thumb’ default point equal to the 

sum of the short-term debt plus half of the long-term debt is used. 

i.e. we have 

 𝐿∗ = 𝑆ℎ𝑜𝑟𝑡 𝑇𝑒𝑟𝑚 𝐷𝑒𝑏𝑡 +  
1

2
× 𝐿𝑜𝑛𝑔 𝑇𝑒𝑟𝑚 𝐷𝑒𝑏𝑡 (3.28) 
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The KMV model takes the value of equity as a known input and uses the relationship defined by 

(3.12) to infer the assets of the firm A.  The value of equity is given as the market capitalisation of 

the firm, something that is observable in the market. 

From here the KMV model then estimates the distance to default as: 

 
𝐷𝐷𝑡 =  

ln(
𝐴𝑡
𝐿∗ )

𝜎
 (3.29) 

 

i.e how far above the liabilities are the assets of the firm – in terms of a number of standard 

deviations.  This simplification allows the KMV approach to tip-toe around the issue of defining a 

maturity date for the debt and equity instruments in a consistent manner. 

The distance to default allows the KMV model to effectively rank firms in terms of their likelihood of 

defaulting.  At this stage however the KMV model deviates from a purely structural approach.  In a 

technical way the results of (3.26) could be used to directly infer a probability of default within a 1-

year period.  Instead the KMV approach is to use empirical default data to estimate an empirical 

translation from the distance to default (DD) to an expected default frequency (EDF), i.e.: 

 𝐸𝐷𝐹 = 𝑓(𝐷𝐷) (3.30) 
 

The details of the function f is retained as part of the intellectual property of the KMV (now Moodys) 

but is derived by reference to a large database of corporate failures and their associated financial 

information over time. 
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4. Extending the Structured Approach 

The Merton structural framework developed in section 3 is a powerful interpretation of the 

valuation of debt and equity prices that links the two different worlds causally.   The model, 

however, is reliant on a very simplified view of each of these worlds. 

 

In this section we investigate some of the extensions to the structural approach that have been 

developed since the 1970s.  We will look at the impact they have had on the effectiveness of the 

model and the continuing short-comings of the various valuation frameworks. 

4.1. Using Equity Prices to Assist 

One of the first limitations of the structural approach outlined so far is that it relies on the accuracy 

of a firm’s financial statement as an input – i.e. primarily for the estimation of𝐴 & 𝜎 .  The assets of 

the firm are generally not observable directly in the market – hence we need to rely on their own 

assessment of their assets (albeit audited) contained in financial statements or other sources of 

information. 

It is generally recognised that equity prices respond much more quickly to public as well as private 

information.  Debt tends to respond more slowly; in a large part due to the heavy reliance on 

published credit ratings which are relatively backward looking in nature.  This leads us to want to try 

and use the valuation of equity securities to influence our pricing of debt issuances. 

4.1.1. Put-Call Parity Relationship 

The well-known relationship between the pricing of put and call options can assist us in relying less 

on financial statements in our formulation of the structural approach to pricing debt.   

 

The put-call parity is a widely known relationship established via arbitrage arguments.  If you buy a 

call option and also place the discounted exercise price into a bank account – it’s exactly the same as 

buying the underlying (asset or stock) and a put option, struck at the same price.  Algebraically this is 

represented by: 

 

 𝐶𝑡 + 𝐾. 𝑒−𝑟𝑡 = 𝑆𝑡 + 𝑃𝑡 (4.1) 

 

Recasting this in terms of our model of debt and equity prices we have, as an underlying, the 

assets 𝐴𝑡.  As before the exercise price (K) is just the face value of the liabilities of the firm, L. 

 

So we can rewrite (4.1) as: 

 𝐶𝑡 + 𝐿. 𝑒−𝑟𝑡 = 𝐴𝑡 +  𝑃𝑡 (4.2) 

   

                                               

 𝐸𝑡 + 𝐿. 𝑒−𝑟𝑡 = 𝐴𝑡 + (𝐿 − 𝐷𝑡) (4.3) 

   

Rearranging this expression slightly we get: 

 𝐸𝑡 + 𝐷𝑡 = 𝐴𝑡 + 𝐿. (1 − 𝑒−𝑟𝑡) (4.4) 

   

Thus we have a relationship linking the price of equity, 𝐸𝑡 and debt, 𝐷𝑡 for any time t. 
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This can be used to assist in the valuation of debt via the structural approach.  Previously with 

equation (3.21) we were required to estimate the dynamics of the asset value (i.e.  𝐴, 𝜎).  These 

would generally be estimated by reference to the historical asset values of the firm or similar firms 

where available.  The value of A would often be taken directly from the financial accounts and 𝜎 

would be estimated from past experience as well as expectations into the future. 

Equation (4.4) allows us to determine one of these via the prevailing equity price observable in the 

market.  So from: 

 𝐸𝑡 + 𝐷𝑡 = 𝐴𝑡 + 𝐿. (1 − 𝑒−𝑟𝑡) (4.5) 

 

We can estimate the value of 𝜎 that is implied by equity prices and utilise the relationship between 

debt and equity provided by the put-call parity. 

This then leaves us with having to correctly estimate the current value of the firm assets (A) from 

financial statements or other information sources.   This is a substantially easier task than also 

having to estimate the volatility of the asset process, 𝜎 which is largely unobservable. 

4.2. Incorporating Bankruptcy and Taxation 

In our development of the Merton model in section 3 we conveniently ignored some of the less 

obvious impacts on the value of debt and equity valuation.   Leland (1994) took the structural 

approach further and incorporated two key adjustments to debt and equity processes - namely 

bankruptcy and taxation benefits. 

 

In developing his framework Leland had to make an important concession to the framework 

developed by Merton.  He assumed that security values had no specific time-dependence.  For debt 

issuances the consequence of this was that the security has no set maturity date – i.e. it is perpetual 

debt.   

 

As we are now referring to perpetual debt it doesn’t make sense to price a zero-coupon bond.  That 

would be a bond that never returned anything.  So we introduce coupon payments paid on the bond 

and assume that the security being considered is of sufficient term to maturity that any face value 

paid at maturity is immaterial. 

 

If we denote the continuous coupon payments as c then equation (3.7) can be written as: 

 

 
𝑑𝑌

𝑑𝑡
+ 𝑟. 𝐴𝑡 .

𝑑𝑌

𝑑𝐴
+

1

2
. 𝜎2. 𝐴𝑡

2.
𝑑2𝑌

𝑑𝐴2
+ 𝑐 = 𝑟𝑌 (4.6) 

 

In addition, the consideration of bankruptcy and tax effects requires us to make a further 

simplification.  We need to assume that the value of debt to be time-independent.  Assuming time 

independence we know 

 
𝑑𝑌

𝑑𝑡
= 0 (4.7) 

 

Thus the partial differential equation (4.6) (PDE) becomes an ordinary differential equation (ODE) 

given by: 
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𝟏

𝟐
. 𝝈𝟐. 𝑨𝒕

𝟐.
𝒅𝟐𝒀

𝒅𝑨𝟐
 +  𝒓. 𝑨𝒕.

𝒅𝒀

𝒅𝑨
 −  𝒓𝒀 +  𝒄 =  𝟎 (4.8) 

 

The general solution to this ODE is well-known as 

 𝑌 = 𝛼 +  𝛽. 𝐴 +  𝛾. 𝐴
−

2𝑟
𝜎2  (4.9) 

 

Where 𝛼, 𝛽 & 𝛾 are determined by the boundary conditions for a particular security.  Initially we will 

consider the pricing of debt securities so that: 

 𝑌 = 𝐷(𝐴) (4.10) 

 

And we can write down the boundary conditions 

 𝐴𝑡 𝐴 = 𝐿;     𝐷(𝐴) = 𝐿  (4.11) 

 

 𝑎𝑠 𝐴 ⇒  𝐿;    𝐷(𝐴)  ⇒  
𝑐

𝑟
 (4.12) 

 

We can easily see from (4.12) that 𝛼 =  
𝑐

𝑟
  and 𝛽 = 0 as 𝐷(𝐴) approaches the constant: 

𝐷(𝐴)  
𝑐

𝑟
 

So by using boundary condition (4.11) we can now rewrite (4.9) as: 

 𝑫(𝑨) =
𝒄

𝒓
+  (

𝑨

𝑳
)

−
𝟐𝒓

𝝈𝟐

. (𝑳 − 
𝒄

𝒓
) (4.13) 

 

This represents the price of debt.  It can also be written as: 

 𝐷(𝐴) = [1 − (
𝐴

𝐿
)

−
2𝑟

𝜎2
]

𝑐

𝑟
+  L. (

𝐴

𝐿
)

−
2𝑟

𝜎2
 (4.14) 

 

The second arrangement leads to the interpretation of: 

 𝝋 = (
𝑨

𝑳
)

−
𝟐𝒓

𝝈𝟐

 (4.15) 

 

Where 𝛗 can be considered as the present value of $1 paid to the investor contingent on the firm 

failing.  This is the expectation of a $1 payment at the first passage time of A to L. 

 

With (4.15), (4.14) can be written as, 

 𝐷(𝐴) = [1 − 𝜑].
𝑐

𝑟
+   𝜑. 𝐿 (4.16) 

 

So the investor receives  
c

r
 (the capitalised coupons into the future) if the company remains solvent 

and L if the company fails.   With L, c and r given from reference to the details of the debt issuance 
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and other debt securities; it remains to estimate A and 𝜎 in order to price debt securities for a 

particular firm.  

 

What we have developed here is equivalent to equation (3.21) except that it is in a time-

independent framework – i.e. we are limited to considering perpetual securities.  

 

Leland now looks to include two critical adjustments to the model to take account of bankruptcy 

costs and taxation effects.   He assumes that they are proportional to the value of the firm and that 

at the point of failure (A = L) so that the boundary conditions for a debt security in this context are 

given by; 

 

Within the same framework Leland shows that we can actually consider both bankruptcy costs and 

taxation effects as particular securities and thus incorporate them into the debt and equity 

processes being developed. 

4.2.1. Bankruptcy Costs 

We can think of the bankruptcy costs as a security that pays a certain amount on the event of the 

firm becoming insolvent, i.e. A = L. 

 

So if we denote the bankruptcy costs as 𝜃(𝐴) = 𝑌(𝐴) we can write the boundary conditions as: 

 

 𝐴𝑡 𝐴 = 𝐿;     𝜃(𝐴) = 𝛼. 𝐿  (4.17) 

 

 𝑎𝑠 𝐴 ⇒  ∞;     𝜃(𝐴) ⇒ 0 (4.18) 

 

Where α represents the proportion of the total liabilities (L) that are lost due to bankruptcy 

procedures.  The first boundary condition says that at the point of failure the holder of the security 

receives the bankruptcy costs: α. L.  The second condition reflects that as the asset level approaches 

large values the expectation of the bankruptcy costs approaches 0. 

 

Solving equation (4.9) for these boundary conditions we get  

 𝜽(𝑨) = 𝜶. 𝑳. (
𝑨

𝑳
)

−
𝟐𝒓

𝝈𝟐
  =   𝜶. 𝑳. 𝝋  (4.19) 

 

This is the closed form solution for the value of the bankruptcy costs associated with debt financing. 

4.2.2. Taxation 

The tax deductibility of interest payments (coupons) made on debt issuances affects the overall 

valuation of the firm.  In a similar way to bankruptcy costs; we can also consider taxation benefits as 

a security governed by equation (4.8).   

The tax-sheltering offered by the interest payments made on debt securities is just: 

 𝜏 = 𝑡. 𝑐 (4.20) 

 

where t represents the taxation rate of the firm.  This assumes that the full benefits if the tax 

deductions are realised which is not possible in all jurisdictions. 
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So we can write down the boundary conditions for this security as: 

 𝐴𝑡 𝐴 = 𝐿;     𝜏(𝐴) = 0  (4.21) 

 

 𝑎𝑠 𝐴 ⇒  ∞;     𝜏(𝐴) ⇒
𝑡. 𝑐

𝑟
 (4.22) 

 

Clearly there can be no tax deduction when the company is in default.  In addition when the firm has 

negligible chance of default the taxation benefit is just the tax rate multiplied by the total interest 

payments.  

 

Once again solving equation (4.9) with these boundary conditions we get:  

 𝝉(𝑨) =
𝒕𝒄

𝒓
−  (

𝒕𝒄

𝒓
) . (

𝑨

𝑳
)

−
𝟐𝒓

𝝈𝟐

 (4.23) 

 

This is a closed form solution for the value of the taxation benefits of debt financing.  As before we 

can write this in more simplified notation as: 

 

 𝝉(𝑨) =
𝒕𝒄

𝒓
(𝟏 − 𝝋) (4.24) 

 

The form again leads us to a more intuitive derivation of the taxation benefits.  They are simply the 

expected value of $1 contingent on not defaulting (i.e. (1 − 𝜑)) multiplied by the cumulative 

taxation benefit 
𝑡𝑐

𝑟
. 

4.2.3. Bringing it together 

So we now have expressions for the impact of both bankruptcy costs and the taxation benefits of 

interest payments made in servicing debt.  Importantly these are developed in a consistent 

framework so can be combined with our current formulation of debt and equity prices. 

 

Debt 

The costs of bankruptcy are implicitly covered by the debt holders.  At the point of failure (A = L) the 

equity holders ‘hand back the keys’ and the costs of bankruptcy are then absorbed by the remaining 

assets of the firm. 

 

So our new formulation of the value of debt needs to subtract the bankruptcy costs derived in 

equation (4.19) from the valuation of debt developed earlier in equation (4.13).  Hence we have: 

 

 𝐷(𝐴) =
𝑐

𝑟
+  (

𝐴

𝐿
)

−
2𝑟
𝜎2

. (𝐿 −  
𝑐

𝑟
) − 𝛼. 𝐿. (

𝐴

𝐿
)

−
2𝑟
𝜎2

  (4.25) 

 

 

 𝐷(𝐴) =
𝑐

𝑟
+  (

𝐴

𝐿
)

−
2𝑟
𝜎2

[(1 − 𝛼). 𝐿 −  
𝑐

𝑟
]  (4.26) 
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 𝐷(𝐴) =
𝑐

𝑟
(1 − (

𝐴

𝐿
)

−
2𝑟
𝜎2

) +  (
𝐴

𝐿
)

−
2𝑟
𝜎2

. (1 − 𝛼). 𝐿 (4.27) 

 

Or in simplified notation 

 𝑫(𝑨) =
𝒄

𝒓
(𝟏 − 𝝋) +  𝝋. (𝟏 − 𝜶). 𝑳 (4.28) 

 

Once again this formulation allows us to understand the relationship more intuitively.  The first term 

on the RHS of equation (4.28) represents the total capitalised coupon payments contingent on the 

firm not defaulting.  The second term gives the return to the investor if the firm does default – 

namely the liabilities owed to them, 𝐿 minus the costs of bankruptcy, 𝛼. 𝐿. 

 

Equity 

The benefits of taxation credits that are available on the interest payments made to debt holders are 

enjoyed by the equity holders of the firm.   

 

We can derive an expression for the value of equity by first considering combined valuation of the 

firm.  The total value of the firm is equal to the value of the assets plus the taxation benefits minus 

the bankruptcy costs.   So we have: 

 

 𝑉(𝐴) = 𝐴 +  𝜏(𝐴) −  𝜃(𝐴) (4.29) 

 

Now we know that the value of equity is the total value of the firm less the value of the outstanding 

debt on issue.  Hence we can write: 

 

 
𝐸(𝐴) = 𝑉(𝐴) − 𝐷(𝐴) 

                                    =  𝐴 +  𝜏(𝐴) −  𝜃(𝐴) − 𝐷(𝐴) 
(4.30) 

 

Substituting in from (4.19), (4.24) and (4.28) we get: 

 𝐸(𝐴) = 𝐴 +
𝑡𝑐

𝑟
(1 − 𝜑) −  𝛼. 𝐿. 𝜑 −   

𝑐

𝑟
(1 − 𝜑)  −  𝜑. (1 − 𝛼). 𝐿 (4.31) 

 

Simplifying this expression we obtain: 

 

 𝑬(𝑨) = 𝑨 − 
𝒄

𝒓
. (𝟏 − 𝒕) +  𝝋. [

𝒄

𝒓
. (𝟏 − 𝒕) − 𝑳] (4.32) 

 

Again expressing this slightly differently to Leland allows us to see a more intuitive interpretation of 

this expression as: 

 𝑬(𝑨) = 𝑨 −  [(𝟏 − 𝝋)
𝒄

𝒓
. (𝟏 − 𝒕) + 𝝋. 𝑳] (4.33) 

 

‘Costs’ of debt service 
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So the value of equity is just the total value of the assets (A) less the total ‘costs’ of servicing the 

debt.  If the firm stays solvent (i.e. (1 − 𝜑)) then the cost of servicing debt is just equal to the 

capitalisation of the future, post-tax coupon payments made, or: 

𝑐

𝑟
. (1 − 𝑡) 

 

If the firm does default (i.e. 𝜑) then the cost of servicing the debt is to use the remaining assets to 

repay the debt (before bankruptcy costs) of: 

𝐿 

 

The framework developed here by Leland is an important development.  For the first time the costs 

of bankruptcy and taxation effects are incorporated explicitly into the valuation of debt and equity 

securities.  Importantly this has been achieved via closed-form solutions avoiding the need to 

employ numerical based solutions. 

 

That is all very well; however, significant concessions have been made, above and beyond the 

already restrictive assumptions of the Merton framework. 

 

Most significantly is the assumption that debt and equity processes are time-independent and thus 

restricts us to the consideration of perpetual debt.  This is approximately true for very long term 

debt (> 30 years) however it is a significant hurdle for pricing shorter term securities. 

For this methodology to be more practical in the real world we need to be able to incorporate 

bankruptcy and taxation effects for debt issuances of all maturities – from short-term corporate 

paper to long term debt.  

4.3. A more realistic framework – first passage times 

One of the biggest restrictions on the structural based credit model developed so far is that failure 

can only occur at a particular point in time – i.e. at the maturity date of the debt.  This is clearly not 

realistic. 

 

What we desire is a model that allows failure to occur at any time that the assets of the firm reach 

some threshold level – to know assumed to be the total value of liabilities, L.  A framework for 

achieving this was first outlined by Black and Cox (1976) and developed further by others. 

 

We define the first passage time as the time at which the level of assets first falls below the level of 

liabilities of the firm.  More formally we can write: 

 𝜔𝐴 = 𝑖𝑛𝑓{𝑡 ∈ (0, 𝑇): 𝐴𝑡 < 𝐿} (4.34) 

 

where 𝝎 is the first passage time from A to L. 

 

Now the payoff to the bond-holder at maturity time T is equal to L if the value of the assets has 

never reached the point of failure – here assumed to be L.  In terms of the stopping time outlined in 

equation (4.34) we can write this as: 
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 𝐷1 = 𝐿. 𝟏{𝜔𝐴>𝑇} (4.35) 

 

Likewise, if the value of the assets has crossed the default line (L) during the process the payoff to 

the bondholder at maturity is simply the value of the assets remaining at the point of failure, 

invested in the risk-free asset up until maturity 

 

 𝐷2 = 𝐴𝜔𝐴
. 𝑒𝑟(𝑇−𝜔𝐴). 𝟏{𝜔𝐴≤𝑇} (4.36) 

 

So we have the value of debt at maturity as: 

 

 𝐷𝑇 =  𝐿. 𝟏{𝜔𝐴>𝑇}  +  𝐴𝜔𝐴
. 𝑒𝑟(𝑇−𝜔𝐴). 𝟏{𝜔𝐴≤𝑇}  (4.37) 

 

Now the price of this security at and previous time t < T is just the discounted expectation of the 

payoff to the security holder at maturity.  In other words: 

 

 𝐷𝑡 =  𝑬[𝑒−𝑟(𝑇−𝑡). 𝐷𝑇]  (4.38) 

 

So by inserting equation (4.37)  we can write the value of a risky, zero-coupon bond as: 

 

 𝐷𝑡 =  𝑬[𝑒−𝑟(𝑇−𝑡). 𝐿. 𝟏{𝜔𝐴>𝑇}] +  𝑬[𝑒−𝑟(𝑇−𝑡).  𝐴𝜔𝐴
. 𝑒𝑟(𝑇−𝜔𝐴). 𝟏{𝜔𝐴≤𝑇}]  (4.39) 

 

And simplifying slightly we get: 

 

 𝐷𝑡 =  𝑬[𝑒−𝑟(𝑇−𝑡). 𝐿. 𝟏{𝜔𝐴>𝑇}] +  𝑬[𝑒−𝑟(𝜔𝐴−𝑡).  𝐴𝜔𝐴
. 𝟏{𝜔𝐴≤𝑇}]  (4.40) 

 

The key feature of this expression for the price of debt is that it is path dependent.  Previously we 

had only considered the state of the firm at the maturity date of the debt.  It didn’t matter how the 

firm’s assets and liabilities got to that point – all that was important was their value at t = T.   

 

Now we are interested in the path that the firm’s assets take – in particular we are interested in 

whether the assets had fallen below some threshold prior to the maturity of the debt issuance.  We 

can use the theory of barrier options to decompose (4.39) as the sum of two individual barrier 

options: 

 A ‘down-and-out’ barrier option whose payoff is the face value of debt, L and whose barrier 

level is also L.  This security pays L if the assets of the firm have never crossed the barrier level 

prior to maturity. 

 A ‘down-and-in’ barrier option which expires worthless if the asset value never reaches L (i.e. 

the firm doesn’t default) but pays off 𝑒𝑟(𝑇−𝜔𝐴).  𝐴𝜔𝐴
 if the barrier is crossed at time 𝜔𝐴. 

 

So the sum of these two barrier options replicates the payoff from the risky debt security as outlined 

by equation (4.37).  Here we will refer to them as ‘DO’ and ‘DI’ respectively. 

 

The solution for a down-and-out barrier option to receive the cash or nothing (i.e. L or nothing) for a 

barrier level of L is given as: 

 𝐷𝐼𝑡 = 𝐿. 𝑒−𝑟(𝑇−𝑡). 𝑵[𝑑(𝐴0, 𝐿)] −  𝐿. 𝑒−𝑟(𝑇−𝑡). (
𝐿

𝐴0
)

𝜆

. 𝑵[𝑑(𝐿, 𝐴0)] (4.41) 
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Where  

 𝜆 =  
𝑟+ 

𝜎2

2

𝜎2   (4.42) 

And 

 
𝑑(𝑋, 𝑌) =  

ln (
𝑋
𝑌

) +  (𝑟 −  
𝜎2

2
) Δ𝑡

𝜎√Δ𝑡
 

(4.43) 

 

To value the ‘down-and-out’ barrier component of the debt price we can use the relationship 

between down-and-in and down-and-out options, namely: 

 𝑉𝐷𝑂 +  𝑉𝐷𝐼 = 𝑉  (4.44) 

 

Hence we can write the solution to the down-and-out component by using (4.41) as: 

 

 𝐷𝑂𝑡 = 𝐴𝑡 − 𝐴𝑡. 𝑵[𝑑(𝐴𝑡, 𝐿) + 𝜎√Δ𝑡] +  𝐴𝑡 . (
𝐿

𝐴𝑡
)

𝜆

. 𝑵[𝑑(𝐿, 𝐴𝑡) + 𝜎√Δ𝑡] (4.45) 

 

Combining these two expressions we obtain a closed form solution for the value of risky debt as: 

 

 𝐷𝑡 = 𝐷𝐼𝑡 + 𝐷𝑂𝑡 (4.46) 

 

Therefore we have: 

 

𝑫𝒕 = 𝑳. 𝒆−𝒓(𝑻−𝒕). 𝑵[𝒅(𝑨𝟎, 𝑳)] −  𝑳. 𝒆−𝒓(𝑻−𝒕). (
𝑳

𝑨𝟎
)

𝝀

. 𝑵[𝒅(𝑳, 𝑨𝟎)] +  𝑨𝒕

− 𝑨𝒕. 𝑵[𝒅(𝑨𝒕, 𝑳) + 𝝈√𝚫𝒕] +  𝑨𝒕. (
𝑳

𝑨𝒕
)

𝝀

. 𝑵[𝒅(𝑳, 𝑨𝒕) + 𝝈√𝚫𝒕] 

(4.47) 

 

Where 𝜆 and 𝑑(𝑋, 𝑌) are defined as before. 

 

Importantly in the framework developed throughout this section the firm is permitted to default at 

any time t and not just at the maturity date of the debt. 

 

This seems like a powerful formulation but it has its limitations.  Given the time-dependence of the 

payoff’s we can’t introduce bankruptcy costs and taxation easily like we did in section 4.2.  In 

addition we have a very simplified view of the point of failure where by the default level is also the 

face value of the debt and there are no opportunities for debt and equity holders to restructure as a 

way of avoiding default. 

 

In the following section we will look at some of the impediments to further developing the structural 

approach so that it better reflects the operation of debt and equity markets in practice.  In addition 

we propose a number of enhancements to the modelling framework that might allow additional 

progress to be made in this area. 
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5. Where to From Here? 

This section begins with a summary of the theory that we have progressed through so far.  From 

there we look at some of the key limitations of the current body of knowledge and propose several 

enhancements that might be able to allow the structural approach to better represent the real 

world. 

5.1. A Recap 

So where have we got to?  We began in section 2 by laying the ground-work of the structural 

approach which involves viewing the various debt and equity claims via option theory; recognising 

that equity represents a call option over the assets and debtholders being exposed to a short put 

option. 

 

In section 3 we developed the fundamental closed for solutions for pricing debt and equity securities 

following the work of Merton (1974) and others during the 1970s.  We considered the results under 

a number of interpretations including identifying the concepts of distance to default and credit 

spreads within the structural framework. 

 

We then presented a range of advancements to the structural model that have been made in the 

intervening period.  These advances attempted to render the framework more realistic and able to 

capture further, complex features of financial markets influencing debt and equity processes.  This 

largely follows the work of Leland (1994) in developing closed-form adjustments that can account for 

bankruptcy costs and taxation issues. 

5.2. Current Limitations 

For the most part the enhancements made in section 4 required one or more simplifying 

assumptions to be made on top of those already contained within the Merton framework.  Whilst 

the changes do extend the effectiveness of the model in certain areas the extra assumptions limit 

the usefulness of the model in other ways.   

 

These extra assumptions imposed have meant that the original theory has progressed in a number 

of parallel directions.  It would be desirable to be able to bring the different strands together by 

overcoming some of these limitations.  

5.2.1. Time-dependence 

One of the key deficiencies in nearly all of the theory outlined so far in this paper is the way in which 

the models are ‘temporally’ restricted.   

 

The original Merton formulation considered debt issued with a specific maturity T.  The formulation, 

however, only permitted default of a firm to occur at the maturity date of the debt and no earlier.  

This is clearly a heavy restriction to place on the model and doesn’t represent the real world well. 

 

The Leland formulation had to relax things even further.  To allow the consideration of bankruptcy 

and taxation effects Leland assumed that both debt and equity were time-independent processes, ie 

there is no ’t’ in the solution of 𝑌 so that: 
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𝑑𝑌

𝑑𝑡
= 0 (5.1) 

 

This simplifies the differential equation for the security process into an ordinary differential equation 

(ODE) which more easily permits closed-form solutions 

 

However this assumption of time-independence means that only perpetual debt (such as ‘consol’2 

bonds) can be considered precisely.  The approximation is only acceptable for very long-term debt 

where the return of principal is a negligible component of the total return from the security.  The 

Leland approach is not suitable for pricing short to medium term debt or zero-coupon securities. 

So clearly the time-dependence of the structural approach needs improvement.  Some gains were 

made by considering first-passage times that allow default to occur at any time however we lost our 

ability to consider bankruptcy and taxation; two components that are critical in understanding the 

optimal capital of a firm.                                       

5.2.2. Capital Structure 

The Merton and Leland frameworks both assume that there is a single debt issuance – with respect 

to both the term to maturity and the seniority of the assets of the firm.  This is rarely the case in 

practice where there are generally a range of debts that constitute the total liabilities of the firm 

(see section 2.2). 

Some progress was made by Geske (1977) in considering debt and equity securities as compound 

options3 that are able to account for a multiple number of debt maturities in a single setting.  It 

accounts for there being multiple opportunities at which time the equity holders can exercise their 

options over the assets of the firm.  

Once again however we lose our ability to consider some of the finer details that influence the 

optimal capital level of a firm – most importantly bankruptcy costs and taxation benefits.  Ideally an 

improved structural approach will go further and also be able to account for the varying levels of 

seniority in the claims over the assets that various debtholders possess.   

5.2.1. Empirical difficulties 

Empirically most structural models tend to underestimate the probability of default for firms with 

large margins of solvency – i.e. with high credit ratings4.  This underestimation generally reduces as 

the credit quality deteriorates or the maturity date extends.  Among the other issues outlined in this 

section these empirical difficulties point to an unsatisfactory asset process – particularly when some 

distance from default and close to maturity of the security. 

 

                                                           

 
2
 Consol bonds pay a fixed coupon amount but have no specific maturity date.  The return of principal 

becomes a relatively insignificant proportion of the total return for securities with very long maturities– e.g. 
more than 50 years. 
3
 ‘Compound options are also known as options-on-options.  The holder of a compound call option has the 

right but not the obligation at t1 to exchange the exercise price for a further option due to mature at a later 
date t2 
4
 Jones, Mason, & Rosenfeld (1984) 
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The geometric Brownian Motion (gBm) that is used to project asset values has advantages but also 

significant limitations.  It is popular because it represents well the movement of financial variables at 

a high level whist remaining general enough to often permit closed-form solutions. 

5.2.2. Liability processes 

All of the formulations considered in this paper assume fixed capital structure allocations and in 

particular assume that L, the total level of liabilities (or default level) is fixed and known at the 

outset.  This is not very realistic.   

Liabilities follow a process of their own that is correlated to the asset processes in a number of ways.  

Assets and liabilities are related during the life of the firm where increases in liabilities are often 

required to pursue growth opportunities.  These opportunities often also attract equity financing 

and the intention is that they will eventually add to the retained earnings, and hence the assets, of 

the firm.  Indeed the equity of the firm is directly affected by the requirement to service the total 

level of debt issued by the firm. 

Likewise the dividend policy of the firm influences the pricing of its debt securities.  The dividends 

paid out from the firm change the ‘distance to default’ of the firm over time.  This leads to a change 

in the valuation of its debt securities even though this change may be minimal for well capitalised 

firms. 

The asset and liability processes are also correlated as a firm approaches or moves through 

bankruptcy proceedings.  Changes in debt covenants or bargaining between stakeholders can impact 

of the level of assets and liabilities of the firm simultaneously.  The structural model is in need of a 

mechanism for capturing these interactions more effectively. 

Progress in this area has been made by Goldstein et al (2001) amongst others.  They developed 

models that allowed the level of debt issued to become a dynamic choice of the equity holders of 

the firm.  These formulations however are unable to consider other important subtleties of the asset 

liability process such as asset substitution by managers of the firm as well as ‘real-world’ default 

scenarios.   

5.2.3. Realistic Default 

When a company defaults it is never a clear cut process.  All of the models discussed so far have 

considered the failure of a firm to occur instantaneously when the assets of the firm fall to some 

(pre-determined) point.  This is a significant over-simplification that affects the pricing of debt and 

equity. 

 

In real life, as a firm approaches or manages its way through default the debt and equity holders get 

entangled in a game.  Whilst they are both interested in the health of the firm, the debt holders have 

priority over assets and are reluctant to waste too much of this advantage whilst providing the firm 

with an opportunity to trade its way out of trouble. 

 

Several important attempts have been made to incorporate a more realistic default process into the 

structural model framework.  Anderson & Sundaresan (1996) pioneered this work by considering 

debt renegotiations within their framework.  These are some of the first attempts to address debt 

reorganisation as a bargaining problem similar to the Rubinstein bargaining model. 
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Bankruptcy is a costly process that it ultimately paid for by debt-holders so there is a capacity for 

them to offer debt relief to avoid the costs associated with a default.  More recently Lehar (2014) 

has looked in detail at the debt renegotiation process in and the implications for both court-

supervised and out of court bankruptcy processes.  The path-dependency of these approaches has 

prevented their incorporation into the structural approach to obtain closed for expressions for debt 

and equity prices that responded to the bargaining process of debt reorganisation. 

 

To conclude this paper we propose some candidates for future alterations to the structural approach 

that could assist in circumventing some of the limitations outlined so far in this section. 

5.3. Jump diffusion models  

Jump diffusion models are a class of stochastic models that include discontinuous ‘jumps’ that occur 

on top of a standard Brownian motion processes.  These types of models have been seen as a way of 

overcoming some of the issues with the underestimation of default probabilities that the structural 

approach suffers when compared with empirical studies.   

 

Inspection of security prices conforms to an interpretation that includes ‘jumps’.  Whist for the 

majority of the time prices may look to develop similar to a Brownian motion there are events that 

occur that can cause the value of a security to move in a discontinuous way – either up or down.   

 

These jumps represent new information being absorbed rapidly by the market; information that 

causes a reinterpretation of the value of the security. These jumps can be constructed to increase 

the probability of default and allow structural models to conform more closely to empirical studies. 

 

Indeed jump-diffusion models were introduced into equity pricing in an attempt to account for the 

leptokurtic nature of the distribution of returns.  That is the ‘thinner mode’ and ‘fatter tails’ when 

compared with a standard normal distribution.   

 

To do this equation (3.1) is modified as: 

 

 

𝑑𝐴𝑡

𝐴𝑡
=  𝛼. dt +  σ. dW𝑡 − 𝑘. 𝜆. 𝑑𝑡 (5.2) 

 

Where in this formulation the process is allowed to make jumps of size 𝑘. 𝑋  with probability 𝜆.   

Generally the drift term is compensated for allowing for the possibility of downward jumps.  Hence 

we have: 

 

 

𝑑𝐴𝑡

𝐴𝑡
= (𝛼 +  𝜆𝑘). dt +  σ. dW𝑡 − 𝑘𝜆. 𝑑𝑡 (5.3) 

 

5.3.1. Jumping to default 

A firm ‘jumping to default’ has been seen as a way of accommodating some of the empirical 

inconsistencies that have been witnessed with previously established structural models of debt.  

These jumps allow a firm to enter default whist being a substantial distance from the default ‘line’.  

This is in addition to transitioning to default in a continuous manner via the Brownian motion 

process in a normal manner. 
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Some advances have been made in this area by Zhou (1997) and Ruf & Shearer (2009) others 

however the numerical techniques required for their calculation are computationally intensive and 

impracticable for many practitioners to use in real-life pricing situations.   

 

The incorporation of jumps into the structural model could be extended from these beginnings in 

several ways to more realistically capture the dynamics of failure processes: 

 The size and intensity of the jump process 𝑘 & 𝜆 should be dependent on the relative levels 

of the debt and equity processes.  The jumps should be able to account for both the 

leptokurtic nature of equity returns as well as the potential profile of losses experienced by 

debt holders; 

 The size of the jump itself should be able to individually represent both the jump to default 

as well as the subsequent changes in the value of the firm’s assets and liabilities once that 

level is reached, without becoming circular. 

 Assets and liabilities should both have the ability to ‘jump’ in a correlated manner.  This 

would enable the incorporation into subsequent models of debt renegotiation processes; 

 Jumping to default can be as a result of systemic market event as well as firm-specific 

events.  These events should be able to be individually addressed so that appropriate 

correlations can be applied to each. 

Once again the challenge will be in incorporating some of these into the process dynamics whilst still 

being able to retain the structural approach and potentially obtaining closed-form solutions. 

5.4. Magrabe’s formula 

Perhaps even more can be borrowed from already long-standing results in option theory.  A few 

years after Black & Scholes (1973) seminal paper, Margrabe (1978) made some important extensions 

that added more generality to the framework.  He developed solutions for the value of options to 

exchange one asset for another asset at some time in the future. 

 

For the valuation of an option to exchange 1 unit of asset 𝐴2 for 1 unit of 𝐴1 Margrabe derived: 

 

 𝑌𝑡 =  𝐴𝑡
1. 𝑁(𝑑1) − 𝐴𝑡

2. 𝑁(𝑑2) (5.4) 

 

where 

𝑑1 =  

𝑙𝑛 (
𝐴𝑡

1

𝐴𝑡
2) + (𝑟 +

𝜎2

2 ) . ∆𝑡

𝜎√∆𝑡
 

 

𝑑1 =  

𝑙𝑛 (
𝐴𝑡

1

𝐴𝑡
2) + (𝑟 −

𝜎2

2
) . ∆𝑡

𝜎√∆𝑡
 

𝜎2 =  𝜎1
2 +  𝜎1

2 +  2. 𝜎1. 𝜎2. 𝜌 
 

Where 𝜌 is the correlation coefficient between the two assets processes. 
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The equation looks very similar to the Black Scholes formulation because the concept is very similar.  

Instead of exchanging an exercise price, K, to receive the asset, 𝐴1(or stock) at some date in the 

future we exchange a second asset, 𝐴2. 

 

This is really just changing the numeraire of the stochastic process.  The numeraire has gone from 

being the risk-free bond process to being a different asset.  It is the equivalent of considering asset 

𝐴1 in units of 𝐴2. 

 

Margrabe’s formulation offers us an opportunity to further extend the structural approach by 

allowing both the assets and liabilities to follow more realistic stochastic processes.  In particular it 

could allow the level of liabilities to better reflect market impacts.  In this way both debt and equity 

prices will be better able to respond to each other in ways not achievable through current 

formulations of the structural approach. 

5.5. Game Theory and Corporate Default 

The realistic modelling of default situations is one of the largest challenges facing the further 

development of structural models of credit risk.  Attempts so far have allowed a process of 

negotiations to occur between the equity holders and debt holders of the firm that follows a fixed 

form and generally consider each round of renegotiations to be a costless exercise. 

 

Interesting advances have recently been made investigating realistic default proceedings via game 

theory.  Game theory has allowed for a much richer interpretation and offers more hope to be able 

to properly account for the often opposed interests of the participants of the game – the debt and 

equity holders. 

 

Pitchford and Wright (2013) have successfully incorporated game theory concepts into the 

interpretation of default situations.  They implement a type of Rubinstein bargaining model5 where 

by two opponents enter into a series of debt restructuring negotiations. 

 

The challenge from here is to continue this important work into a structural model of debt pricing so 

that default and debt renegotiation processes can be incorporated consistently into the price 

dynamics. Previously the intricacies of the actual default process were considered unobtainable by 

debt modellers.  Game theory might provide some important tools in unlocking this. 

 

 

 
  

                                                           

 
5
 A Rubinstein bargaining model has the following conditions; Two players;  Complete information 

Unlimited and alternating offers; Delays are costly. 
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