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bDépartement de Mathématiques et de Statistique, Université de Montréal
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Abstract

The sensitivity of loss reserving techniques to outliers in the data or deviations from model assumptions is
a well known challenge. For instance, it has been shown that the popular chain-ladder reserving approach
is at significant risk to such aberrant observations in that reserve estimates can be significantly shifted in
the presence of even one outlier.

In this paper we firstly investigate the sensitivity of reserves and mean squared errors of prediction under
Mack’s Model. This is done through the derivation of impact functions which are calculated by taking the
first derivative of the relevant statistic of interest with respect to an observation. We also provide and
discuss the impact functions for quantiles when total reserves are assumed to be lognormally distributed.
Additionally, comparisons are made between the impact functions for individual accident year reserves under
Mack’s Model and the Bornhuetter-Ferguson methodology. It is shown that the impact of incremental claims
on these statistics of interest varies widely throughout a loss triangle and is heavily dependent on other cells
in the triangle.

We then put forward two alternative robust bivariate chain-ladder techniques (Verdonck and Van Wouwe,
2011) based on Adjusted-Outlyingness (Hubert and Van der Veeken, 2008) and bagdistance (Hubert et al.,
2016). These techniques provide a measure of outlyingness that is unique to each individual observation
rather than largely relying on graphical representations as is done under the existing bagplot methodology.
Furthermore the Adjusted Outlyingness approach explicitly incorporates a robust measure of skewness into
the analysis whereas the bagplot captures the shape of the data only through a measure of rank.

Results are illustrated on two sets of real bivariate data from general insurers.

Keywords: Mack’s Model, Robust loss reserving, Chain-ladder, Impact functions, Bagplot,
Adjusted-Outlyingness, Multivariate

1. Introduction

1.1. Motivation

At any moment, the number, timing and severity of future claims payments for a general insurer is
shrouded in uncertainty. Reserves are set up to ensure necessary claims payments are met as they arise.
The reserving problem is one of solvency, however it is also one of capital efficiency; if an insurer is holding
reserves well over and above what is necessary, they are essentially forfeiting the opportunity to utilise this
capital elsewhere. It is critical that the models and techniques applied to the loss reserving problem are as
accurate as possible when tasked to a range of different data sets.

Some data may include abnormal observations that are outliers or represent deviations from model
assumptions and hence should not be used to forecast into the future. Full inclusion of these data points
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in an analysis may prove detrimental to the accuracy of reserve estimates and resulting inference. This is
an issue that needs to be addressed if these models and techniques are going to reflect reality and be used
to inform decisions. Robustness refers to the ability of a model or estimation procedure to not be overtly
influenced by outliers in the dataset under investigation and/or deviations from the underlying assumptions
of the model.

Quantifying the specific impact of each observation to certain statistics of interest provides the reserving
actuary with greater information regarding the nature of the data at hand and will often provide insights
regarding the techniques themselves. This is of particular importance when implementing and adjusting
models. In particular, it is understood that practitioners are often aware of the shortcomings of the chain-
ladder technique and have checks and adjustments in place. One of the objectives of this paper is to provide
a mathematically tractable approach to understanding how changes in each incremental claim in a loss
triangle will impact certain statistics of interest. We will mainly focus on the robustness of Mack’s Model
(Mack, 1993), one of the earliest stochastic reserving models that provides the same reserve estimates as the
famous chain-ladder technique, as well as the Bornhuetter-Ferguson technique (Bornhuetter and Ferguson,
1972).

The impact of outliers can be significant. Hence one needs to determine how to deal with them. This
requires an appropriate detection technique, and adjustment procedure. In this paper, we extend the
robust bivariate chain-ladder of Verdonck and Van Wouwe (2011) and propose two alternative methodologies
that offer a consistent and structured approach to the detection, measurement and adjustment of outlying
observations with statistical backing whilst still allowing for dependencies between loss triangles. Our
methods are based on Adjusted-Outlyingness (Hubert and Van der Veeken, 2008) which provides a unique
measure of outlyingness for each observation and explicitly incorporates a robust measure of skewness into
the outlier detection process. Furthermore we present the use of the bagdistance (Hubert, Rousseeuw, and
Segaert, 2016) in a loss reserving context which is derived from the bagplot and provides a measure of
outlyingness for each observation. Through calculation of the bagdistance a greater variety of alternative
treatments of outliers become available then when simply using the bagplot. These methodologies are
applied and compared on real data.

1.2. Major Contributions

In this paper we rigorously investigate the impact that incremental observations are having on reserve
estimates, their variability and quantiles. Notably, we provide closed form equations for the first derivative
of these statistics of interest under Mack’s Model which highlights numerous properties of this technique,
including areas of a loss triangle where outliers are likely to have the greatest effect on results and hence
where observations should be most heavily scrutinised. It appears that those observations in the corners of
a loss triangle have the potential to impact results most significantly. Additionally, we compare the impact
of incremental observations on reserves under Mack’s Model and the Bornhuetter Ferguson technique which
suggests that the latter approach is more robust. These techniques may be applied in practice to identify
areas of a given loss triangle that reserves are particularly sensitive to and hence where outliers, if present
may have a significant impact on results and the conclusions drawn as a result. These impact functions
may also be used to compare reserve sensitivities under different techniques as we have done for Mack’s
Model and the Bornhuetter Ferguson approach. The impact that incremental observations are having in
different loss triangles may be calculated using these impact functions and comparisons made between areas
of sensitivity and properties of these different triangles. Through such a comparative study, trends may
begin to emerge, making it easier to identify anomalous observations or even whole data sets with abnormal
properties.

We also implement two alternative techniques to detect and treat outliers in a bivariate reserving setting
using the framework put forward by Verdonck and Van Wouwe (2011). We implement these techniques
on two bivariate data sets and compare results. Through this exposition, we have added to the toolbox
of techniques available to detect and treat outliers with statistical backing in a bivariate reserving setting.
We believe that the new techniques applied in this paper address some of the shortcomings of the previous
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approaches and should be explored as common practice when implementing robust bivariate reserving tech-
niques in practice.

This paper provides a mechanism to assess the impact that outliers may have on reserves and display
the implementation of new techniques to detect and treat such outliers in a bivariate reserving context.

1.3. Literature review

While some authors have looked to address the issue of robustness in reserving, the body of literature
in this area is relatively scant. Of particular importance for this paper is the robust GLM chain-ladder of
Verdonck and Debruyne (2011) and the robust bivariate chain-ladder of Verdonck and Van Wouwe (2011)
however there has been notable work that moves away from the chain-ladder technique (see for example
Chan and Choy, 2003; Chan, Choy, and Makov, 2008; Pitselis, Grigoriadou, and Badounas, 2015).

Verdonck, Van Wouwe, and Dhaene (2009) show that the traditional chain-ladder reserve estimates are
highly susceptible to even just one outlier in the data set and further highlight that the impact on reserves
may be positive or negative. To address this problem they provide a two-stage robust chain-ladder technique
which fundamentally relies on the analysis of residuals given after fitting an over-dispersed Poisson (ODP)
GLM to the cumulative and then incremental claims data as described in England and Verrall (1999). A
boxplot is employed on the Pearson residuals after fitting the ODP GLM at each stage to detect outlying
observations. Under their robust technique development factors are calculated as medians which are known
to be much more robust than means. In this paper we are able to definitively highlight how the adjustment
of certain observations after their detection as outliers will effect reserve estimates in terms of both direction
and magnitude.

Verdonck, Van Wouwe, and Dhaene (2009) provide a robust GLM chain-ladder technique. This approach
utilises robust parameter estimation to fit a Poisson GLM to the loss data. Under this technique, a stan-
dard Poisson GLM is fit and observations with residuals greater than a given threshold are down weighted
when re-fitting the model. This down weighting should mitigate the effect that outliers or observations that
deviate from the assumptions of the model may have on the final fit and hence results. Unfortunately, in
its original formulation, results were poor as reserves were still being heavily influenced by outliers. This
brings into question the robustness of the original model. However, their approach was refined by Verdonck
and Debruyne (2011). In particular, it was found that the standard threshold value of 1.345 was often too
low for triangular loss data. To combat this an additional stage was added to the methodology whereby
the threshold point was taken to be the 75%-quantile of the residuals after an initial fit using the threshold
value of 1.345. Their approach showed better results in terms of robustness. That is, the impact of outliers
was now being managed effectively. Verdonck and Debruyne (2011) also showed that the influence function
for reserves with respect to incremental claims is unbounded when assuming a Poisson GLM specification.
This provides a formal basis for the non-robustness of the chain-ladder technique.

The refined robust GLM chain-ladder technique is an integral component of the robust bivariate chain-
ladder (Verdonck and Van Wouwe, 2011). In particular, the residuals given after fitting the robust GLM
chain-ladder are used to generate a bagplot (Rousseeuw, Ruts, and Tukey, 1999) which may be considered as
a bivariate boxplot. The second approach employed to detect and treat outliers is the minimum covariance
determinant (MCD) (Rousseeuw, 1984) Mahalanobis distance, also applied to the residuals. Each of these
techniques has shortcomings that this paper will address through the use of Adjusted-Outlyingness (AO)
(Hubert and Van der Veeken, 2008) and bagdistance (Hubert, Rousseeuw, and Segaert, 2016). More detailed
specifications of each of these outlier detection techniques will be given in Section 2 and details of the robust
bivariate chain-ladder will be given in Section 5.

1.4. Structure of Paper

The remainder of this paper is structured as follows. Section 2 briefly outlines the loss reserving problem
and provides some detail surrounding Mack’s Model (Mack, 1993) and the aforementioned bivariate outlier
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detection techniques. Section 3 provides the impact functions for statistics of interest with 3D graphical
representations to highlight their features. Section 4 gives an example of the results of these impact functions.
Section 5 introduces the robust bivariate chain-ladder technique (Verdonck and Van Wouwe, 2011) and puts
forward two alternative approaches of this technique. This section also provides examples of the application
of these alternative approaches on real data. Section 6 concludes.

2. Loss Reserving, Mack’s Model and Bivariate Outlier Detection Techniques

2.1. The Loss Reserving Problem

The loss reserving problem is concerned with using currently available data to predict future claim
amounts in a reliable manner. The available data is often arranged in a loss triangle which provides a visual
representation of the development of claims up until the current time as well as what needs to be predicted
(see Figure 1). We denote by Xi,j and Ci,j the incremental and cumulative claims for accident year i and
development year j respectively. Denote by B = {Xi,j : i+ j ≤ I + 1} the past claims data.

i/j 1 2 · · · j · · · I
1 X1,1 X1,2 · · · X1,j · · · X1,J

2 X2,1 X2,2 · · · X2,j · · ·
...

...
...

...
...

i Xi,1 Xi,2 · · · Xi,j

...
...

...
I XI,1

Figure 1: Aggregate claims run-off triangle

Let Ri represent reserves for accident year i and R represent total reserves.

2.2. Chain-Ladder

The traditional chain-ladder method is the most famous reserving method. This approach essentially
hinges on the assumption that development factors

f1, f2, ..., fI−1 (2.1)

exist such that
E[Ci,j+1|Ci,j ] = fjCi,j (2.2)

These development factors are unknown and estimated by

f̂j =

∑I−j
i=1 Ci,j+1∑I−j
i=1 Ci,j

, 1 ≤ j ≤ I − 1 (2.3)

Ultimate claims for accident year i are estimated by

Ĉi,I = Ci,I−i+1f̂I−i+1 · · · f̂I−1 (2.4)

From here accident year reserves and total reserves are subsequently estimated by

R̂i = Ĉi,I − Ci,I−i+1 and R̂ =

I∑
i=1

R̂i (2.5)
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2.3. Mack’s Model

Mack’s Model (Mack, 1993) is largely considered one of the earliest stochastic reserving models and
is able to retain much of the simplicity of the deterministic chain-ladder whilst providing a formula for
the mean squared error (mse) of reserve estimates. In particular, it remains distribution-free. Note that
equations (2.1) - (2.4) define the assumptions underlying the first moment of reserves for Mack’s Model.
The mean squared error of prediction (mse) is given by (note the conditional error is taken)

mse(R̂i) = E[(R̂i −Ri)2|B] = E[(Ĉi,I − Ci,I)2|B] = mse(Ĉi,I) (2.6)

mse(Ĉi,I) = V ar(Ci,I |B) + (E(Ci,I |B)− Ĉi,I)2 (2.7)

Further
V ar(Ci,j+1|B) = Ci,jσ

2
j , 1 ≤ i ≤ I and 1 ≤ j ≤ I − 1 (2.8)

Where σ2
j are unknown parameters. Additionally,

V ar(Ci,I |B) = V ari(Ci,I)

= Ci,I−i+1

I−1∑
j=I−i+1

fI−i+1 · · · fj−1σ
2
j f

2
j+1 · · · f2

I−1 (2.9)

(E(Ci,I |B)− Ĉi,I)2 = C2
i,I−i+1(fI−i+1 · · · fI−1 − f̂I−i+1 · · · f̂I−1) (2.10)

2.4. Bornhuetter-Ferguson Reserves

The Bornhuetter-Ferguson (BF) reserving methodology (Bornhuetter and Ferguson, 1972) is an opposing
extreme to the chain-ladder (and Mack’s Model) in that it uses prior estimates of ultimate claims and devel-
opment patterns rather than inducing them from the available data to date. It can be considered a highly
robust method as the presence of outliers will not influence reserve estimates. This is the case if one is to use
the pure BF method however Merz and Wüthrich (2008) point out that in practice chain-ladder development
factors are often used to infer the development pattern in the BF method. It is this BF approach that we
will consider (otherwise meaningful results will not present themselves). This means that the only difference
between the two techniques is the estimate of ultimate claims for a given accident year. In particular, the
BF method uses a prior estimate whereas the CL method uses the available data to estimate ultimate claims.

2.5. Bivariate Outlier Detection Techniques

The robust bivariate chain-ladder technique hinges on the detection and adjustment of bivariate outliers.
In particular Verdonck and Van Wouwe (2011) put forward two techniques to be used for this task. Namely,
the bagplot (Rousseeuw, Ruts, and Tukey, 1999) and MCD (Rousseeuw, 1984) Mahalanobis Distance. In
this section we will outline these approaches as well as two different outlier techniques that we will apply to
this problem which address some of the shortcomings of the original methodologies.

2.5.1. Bagplot and Bagdistance

Both the bagplot (Rousseeuw, Ruts, and Tukey, 1999) and the bagdistance (Hubert, Rousseeuw, and
Segaert, 2016) are based on the concept of halfspace depth (Tukey, 1975) and hence we will present them
concurrently. The halfspace depth of a point is defined as the minimum number of points (from the data
sample) in a closed halfplane through the point of interest. In particular, we refer to Figure 2 which illustrates
the concept of halfspace depth in the bivariate case (note that this is scalable to higher dimensions). In
Figure 2 if we wish to calculate the halfspace depth of the point marked with a green asterisk we would
consider numerous lines through this point (such as L1 and L2) and look for the minimum number of points
on either side of each of these lines. Romanazzi (2001) showed that halfspace depth has a bounded influence
function. This means that the impact an outlier may have on the halfspace depth of a given observation is
limited and highlights the robustness of this statistic.
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Figure 2: Halfspace Depth Illustration in 2 Dimensions

The bagplot is a graphical approach and we will refer to Figure 3 as we outline its construction. The
bagdistance provides a scalar measure of the outlyingness of each multivariate data point and is formulated
from the bagplot. To construct a bagplot of bivariate data we use the following procedure

• Calculate the halfspace depth (ldepth(θ,Z)) of each data point θ ∈ R2 relative to the bivariate data
set Z = {z1, ..., zn}. The halfspace depth is the minimum number of points zi contained in any closed
halfplane with boundary line through θ.

• Find the depth median (Tukey median) T∗ (marked by the red asterisks in Figure 3) which is the
point with the greatest halfspace depth, and represents a central point of the data set. If the point is
not unique the centre of gravity of the deepest region is used.

• Formulate the bag B, a convex polygon that contains 50% of the data points. First, denote Dk as
the region of all θ that have halfspace depth greater than k and #Dk as the number of data points
contained in this region. The bag is given by the linear interpolation with respect to T∗ of the two
regions that satisfy #Dk ≤ bn2 c < #Dk−1. The bag is shown in Figure 3 by the darker inner area
surrounding T*.

• Construct the fence (which is not plotted) by multiplying the bag by some factor relative to T∗.
Typically this factor is three and Rousseeuw, Ruts, and Tukey (1999) point out that this value was
chosen based on simulations. Note that the choice of this fence factor will directly influence both
the number of outliers detected and how they are adjusted. To assess whether the factor three is
appropriate in all cases is outside the scope of this paper and is left for future research.

• Data points outside the fence are considered outliers and are adjusted to facilitate the application of
loss reserving techniques. This may be done in a purely graphical manner (Verdonck and Van Wouwe,
2011) or a weighting function based on bagdistance may be employed.
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(a) Bagplot (b) Bagplot with Fence Drawn

Figure 3

The perimeter of the lighter blue area is know as the loop and is given by the convex hull of all non-outlying
points. This is analogous to the whiskers in a univariate boxplot (Tukey, 1977). Outliers are plotted as red
points. The fence is generally not drawn when displaying a bagplot (Rousseeuw, Ruts, and Tukey, 1999)
and such a plot is given in Figure 3a Figure 3b shows the same bagplot with the fence drawn in green and
we can see that the three outlying points are outside this fence.

Now we will present the bagdistance (bd) (Hubert, Rousseeuw, and Segaert, 2016). This statistic pro-
vides a scalar measure of outlyingness for each observation and hence does not rely solely on graphical
representations. It can also handle skewness often found in loss data. However, similarly to the bagplot,
the bd utilises the bag to capture the shape of the data and subsequently detect outliers. As the bag is
formulated based on 50% of the data points, there is potential that it does not fully encapsulate the skewness
in the set. When this is the case, the ensuant outlier detection results may be flawed. To calculate the bd,
firstly define cx as the intersection of the boundary of the bag (B) and the ray from the Tukey median T∗

through the point x. The bd is defined as follows

bd(x;Pn) =

{
0 if x = T∗

||x−T∗||
||cx−T∗|| elsewhere

(2.11)

Where Pn represents the distribution of the dataset and ||.|| is the Euclidean norm such that ||x|| =√
x2

1 + ...+ x2
n. The denominator scales the distance of the data point (x) to T∗ relative to the disper-

sion of the bag. From here a cut-off point is set such that data points with a bd beyond this threshold are
considered outliers and are adjusted back to an appropriate point on the ray emanating from T∗ passing
through x.

2.5.2. MCD Mahalanobis Distance

A standard method used to detect outliers in multivariate analysis is to calculate some measure of
distance of each data point from the centre of the data. A popular method is that of the Mahalanobis
Distance

MD(xi) =

√
(xi − µ̂µµ)′Σ̂ΣΣ

(−1)
(xi − µ̂µµ) (2.12)

Where µ̂µµ represents the sample location vector and Σ̂ΣΣ represents the sample scale matrix. If these are
not estimated in a robust manner then outliers may fail to be detected due to masking and swamping
effects. Essentially this means that outlying observations will influence the estimate of the central point
and dispersion of the data leading to outliers themselves having small MD (masking) and/or non-outlying
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observations having high MD (swamping). In order to combat these masking and swamping effects a popular
technique is to use the minimum covariance determinant (MCD) (Rousseeuw, 1984) estimation procedure.
This procedure essentially finds the bn+p+1

2 c ≤ h ≤ n observations that have a classical estimator of the
covariance matrix with the minimal determinant. The location vector is then the arithmetic mean of these
points and the scale matrix is taken as a multiple of this covariance matrix. Outliers are then flagged as
observations that have an MD greater than a certain threshold. Note that MD2 ∼ χ2

p if the underlying data
is normal.

2.5.3. Adjusted Outlyingness

Adjusted Outlyingness (Hubert and Van der Veeken, 2008) is based on an adjustment of the Stahel-
Donoho estimate of outlyingness (Donoho, 1982) (to explicitly incorporate skewness). Furthermore it is
based on robust estimates of location, scale and skewness such that it achieves a breakdown point of 25% in
theory. Additionally, the influence function for the adjusted outlyingness is shown to be bounded (Appendix:
Hubert and Van der Veeken (2008)). These properties highlight the robustness of this methodology. The
technique is applied as follows. Consider a p-dimensional sample Xn = (x1, ...,xn)′ where xi = (xi1, ..., xip)

′

and a ∈ Rp. The measure of adjusted outlyingness (AO) for xi is given by

AOi = AO(xi,Xn) = sup
a∈R2

AO(1)(a′xi,Xna) (2.13)

where

AO(1)(xi, Xn) =


xi−med(Xn)
w2−med(Xn) , if xi > med(Xn)

med(Xn)−xi

med(Xn)−w1
, if xi < med(Xn)

(2.14)

where w1 and w2 are the lower and upper whiskers of the skew-adjusted boxplot (Hubert and Vandervieren
(2008)) applied to the data set Xn and med(Xn) denotes the median of the data set Xn. After this has
been calculated we can compute the skew-adjusted boxplot (Hubert and Vandervieren, 2008) for all the
AO-values and declare those that are beyond the cut-off value as outliers

cut-off = Q3 + 1.5e3MCIQR (2.15)

Note that we are only concerned with the upper cut-off value as we are performing the skew-adjusted boxplot
technique on the measures of outlyingness and hence small results in this context are not of interest. Further,
not all univariate vectors a can be considered however (Hubert and Van der Veeken, 2008) point out that
taking m = 250p directions provides a good balance between ‘efficiency’ and computation time. From here,
if p = 2, to visualise the bivariate data a version of the bagplot based on the AO values (rather than halfspace
depth) may be constructed (Hubert and Van der Veeken, 2008).

When constructing this AO based bagplot, two options become available. Both approaches will have a
bag given by the convex hull of the 50% of data points with the smallest AO, however they differ in the
mechanism used to detect and hence treat outliers. Under the first option, outliers are flagged using the
traditional cut-off value given by equation (2.15). In this case, the loop will be generated by the convex hull
of all points with AO less than this value and no fence will be generated. Under the second option we may
draw a fence by multiplying the AO based bag by 3 relative to the point with the lowest AO. Outliers are
then flagged as those observations outside of the fence and the loop is the convex hull of all points within
the fence. Once again, since the fence is generated from the bag which only considers 50% of the data
points it may fail to fully capture the shape of the data and in particular the skewness in the set. On the
other hand, as the traditional AO cut-off value incorporates the robust measure of skewness known as the
medcouple which considers the whole data set it is more equipped to capture the total skewness. Hence the
first approach and the loop that is generated as a result more fully captures the skewness in the data in
comparison to the fence methodology.
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3. Impact Functions

In this section we derive impact functions for numerous statistics of interest under the assumption of
Mack’s Model. An impact function is able to highlight the sensitivity of a statistic of interest to a particular
observation as well as pinpoint the marginal contribution of that observation to the final value of the
statistic in some instances. This is done by taking the first derivative of the statistic with respect to the
given observation. In our case we are interested in how an incremental claim Xk,j where k represents the
accident year of the claim and j the development period may influence a given statistic T such that the
impact function is given by

IFk,j(T ) =
∂T

∂Xk,j
(3.1)

Further we have that if the statistic of interest T is homogeneous of order one with respect to the Xk,j ’s
then

T =
∑

{k+j≤I−1}

∂T

∂Xk,j
Xk,j (3.2)

The statistic T may represent reserves, the mean squared error of reserve estimates (mse) or quantiles. It
is interesting to investigate both the sign and magnitude of the impact functions to better understand the
relationship a statistic of interest has with an incremental claim. Furthermore we may wish to see whether
IFk,j(T ) ·Xk,j is bounded or not. Boundedness will highlight that an outlying value of Xk,j may only have
a limited effect on T and hence this is a desirable property for robust estimators. If bounded one should
investigate the maximum value that IFk,j(T ) ·Xk,j may take.

Venter and Tampubolon (2008) calculate the impact of incremental claims on total reserve estimates under
a range of models. They consider the traditional chain-ladder technique however the impacts are calculated
numerically and hence no closed form equations are provided. Additionally, no consideration of individual
accident years, mse or quantiles is given which constitutes a major contribution of this paper.

In the following subsections, we provide closed form equations to calculate the impact that each incre-
mental claim is having on the following statistics in Mack’s Model:

• Reserve estimates for individual accident years;

• Total reserves;

• Mean squared error of accident year reserves;

• Mean squared error of total reserves;

• Balance sheet reserves which are given by the estimate of total reserves plus a margin applied to the
root mean squared error (rmse) of reserves;

• Quantiles based on the assumption of lognormal reserves;

We also derive the impact that incremental claims are having on reserves for individual accident years under
the BF methodology (see Section 2.4).

The data used for the graphical representations in this section is from Taylor and Ashe (1983) as given
in Table 1.
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i/j 1 2 3 4 5 6 7 8 9 10
1 357 848 766 940 610 542 482 940 527 326 574 398 146 342 139 950 227 229 67 948
2 352 118 884 021 933 894 1 183 289 445 745 320 996 527 804 266 172 425 046
3 290 507 1 001 799 926 219 1 016 654 750 816 146 923 495 992 280405
4 310 608 1 108 250 776 189 1 562 400 272 482 352 053 206 286
5 443 160 693 190 991 983 769 488 504 851 470639
6 396 132 937 085 847 498 805 037 705 960
7 440 832 847 631 1 131 398 1 063 269
8 359 480 1 061 648 1 443 370
9 376 686 986 608
10 344014

Table 1: Incremental Claims Data from Taylor and Ashe (1983)

3.1. Individual Accident Year Reserves

The impact function for reserves of individual accident years (R̂i) under Mack’s Model is given by

IFk,j(R̂i) =
∂R̂i
∂Xk,j

(3.3)

=


0, if k > i

R̂i

Ci,I−i+1
, if k = i

Ĉi,I
∑
{p∈D|p≥k}

((
1∑p

q=1 Cq,I−p+1

)
1{j≤I−p+1} −

(
1∑p

q=1 Cq,I−p

)
1{j≤I−p}

)
, if k ≤ i− 1

(3.4)

Where D = {1, · · · , i−1}. The proof for this impact function is given in Appendix A. We have not provided
the proofs for the other impact functions given in this paper however we note that they follow in a similar
fashion. For k = i we can simplify the impact function further to be represented simply as a function of
future estimated development factors. This allows greater understanding of the impact of incremental claims
for k = i in that we can understand how these claims will be effecting development factors by simply noting
whether they will be represented in the numerator and/or denominator of equation (2.3).

IFk,j(R̂i) =
R̂i

Ci,I−i+1
(3.5)

=
Ci,I−i+1

(∏I−1
s=I−i+1 f̂s − 1

)
Ci,I−i+1

(3.6)

=

I−1∏
s=I−i+1

f̂s − 1 (3.7)

Some interesting points to note about this impact function is that its value is heavily dependent on the
position of the incremental claim in the loss triangle. In particular, note that three different cases for
the accident year k have been given in equation (3.4) and furthermore the third case (i.e. k ≤ i − 1)
includes a summation that is further dependent on the value of k as well as two indicator functions that
rely on the development period j. This dependence on position is a feature that is common to all impact
functions provided in this paper. To understand some of the properties of this impact function we refer to
the illustration given in Figure 4.
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Figure 4: Illustration of IFk,j(R̂6)

We are concerned with calculating R̂i and in this illustration we have chosen i = 6. The first case in equation
(3.4) is represented to the right of accident year 6 where incremental claims from accident years greater than
the year of interest have no impact on reserves. The row of columns with equal height for accident year 6
corresponds to the second case of equation (3.4) where incremental claims are having an equal and positive
effect on the reserve estimate. Now, the area in the upper left of the loss triangle (i.e. between accident year
5 and development year 5) represents an area where all incremental claims are having a negative impact on
reserves. More specifically,

IFk,j(R̂i) ≤ 0, for all k ≤ i− 1 and j ≤ I − i+ 1 (3.8)

For j > I − i+ 1, the situation is somewhat murkier and we have the result that

IFk,j(R̂i) > 0, if −
∑

{p∈D|p≥k ∩ p<I−j+1}

((
1∑p

q=1 Cq,I−p+1

)
−

(
1∑p

q=1 Cq,I−p

))
<

(
1∑I−j+1

q=1 Cq,j

)
(3.9)

This inequality is readily calculable from the original loss triangle and we have found that in most instances
we have considered it holds true. Figure 4 represents when this inequality holds as we see that for j > I−i+1
all impacts are positive.

Additionally, note that for any choice of development period j the impact is increasing with accident year
k throughout the loss triangle. Now we focus on the diagonals when j > I − i + 1. For the most recent
diagonal (i.e. k + j = I + 1) we have that

IFk,j(R̂i) > IFk+1,j−1(R̂i)⇐⇒
k∑
q=1

Xq,j < Ck+1,j−1 (3.10)

This says that the impact will be increasing as we move up the most recent diagonal (from accident year
k + 1 and development year j − 1 to accident year k and development j) if the sum of incremental claims
in column j is greater than the cumulative claims up to development year j − 1 for accident year k + 1. It
is likely that will hold for situations when incremental claims in later development periods are usually less
than those in earlier periods and hence the column sums in these development years can be expected to
be less than cumulative claims for the following accident year. Additionally, if this decreasing development
pattern is present it will be more likely for this inequality to hold at later development periods than earlier
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ones. For the other diagonals we have that

IFk,j(R̂i) > IFk+1,j−1(R̂i)⇐⇒
1∑k

q=1 Cq,I−k+1

− 1∑k
q=1 Cq,I−k

>
1∑k+l

q=1 Cq,I−k+1−l
− 1∑k+l−1

q=1 Cq,I−k+1−l
(3.11)

Where l represents the diagonal that is being evaluated such that for the second most recent diagonal l = 2,
for the third most recent diagonal l = 3 and so on. Note that in most examples that we have considered these
inequalities hold and as a result we see the impact increasing for incremental claims as we move towards the
top right hand corner of the loss triangle.

The final property that we have derived is that for fixed accident year k, IFk,j(R̂i) is increasing with j

for j ≥ I − i+ 1. We now consider the case for total accident year reserves R̂.

3.2. Total Reserves

We have that

R̂ =

I∑
i=1

R̂i (3.12)

Such that the impact function for total reserves is simply given by

IF =
∂

∂Xk,j

I∑
i=1

R̂i (3.13)

=

I∑
i=1

IFk,j(R̂i) (3.14)

Again we will use the aid of a diagram to illustrate the main properties of the impact function.

Figure 5: Illustration of IFk,j(R̂)

The observation in the upper left corner of a loss triangle X1,1, will be having a negative impact on the
reserves for each accident year in every case. This cornerpoint is shown as the closest observation in Figure
5 and is having the largest negative impact on total reserve estimates.
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The impacts towards the latest development periods (upper right of the loss triangle) are also significant
however they are positive. Importantly, this positive impact usually increases for each accident year as we
move towards the upper right corner observation and hence this cornerpoint (X1,I) will likely have a large
positive impact on total reserves. This increasing pattern towards the top right corner can be understood by
noting that the impact function for each accident year is increasing with j for the same k when j ≥ I− i+1.
However the result fro final reserves is somewhat dependent on the inequalities as given in the Section 3.1
regarding the diagonals for j ≥ I − i+ 1. We have noted these inequalities usually hold.

The result for X1,I can be further understood by noting that any positive increase in this observation
will lead to a greater estimate of fI−1 without a decrease in another estimated development factor. Hence
final reserve estimates will be increased as this development factor is used for forecasting final cumulative
claims for every other accident year.

Next, the bottom left corner observation (XI,1) is the only observation currently available for the final
accident year. The impact this observation has on total final reserves is given solely by equation (3.5).
Importantly, this value is greatest when considering observations in the first column as there are more de-
velopment factors being multiplied than when j > 1. Furthermore, in the other accident years (k 6= I),

observations themselves will be impacting the estimated development factors f̂s such that one development
factor will be increased and the other decreased as observations are altered. This is true except for the first
column where the impact will only be felt for f̂1 and it will be negative and the last column of the triangle
in which case only f̂I−1 will be impacted and the impact will be positive.

For the first column the impact will be negative or zero for each accident year except when k = i. We
see that those observations around X1,1 also often have negative impacts as they are encapsulated in the set
k ≤ i− 1 and j ≤ I − i+ 1 where their impact is negative for a larger number of accident years than other
observations.

Similar results as to what has been stated here are mentioned on a heuristic basis in Venter and Tam-
pubolon (2008). This work provides mathematical justification for these conclusions and allows the impact
of each observation to be traced precisely. These impact functions for reserves with respect to incremental
claims tell us not only how contamination of a data point will/is impacting reserves estimates but can also
provide insight into how adjustment of such outlying points will affect results.

Note that the value of IFk,j(R̂) and IFk,j(R̂i) is independent of Xk,j for k + j = I + 1 (i.e. the last

diagonal of the loss triangle). A further result is that R̂i and R̂ are homogeneous of order 1 such that

R̂i =
∑

k+i≤I+1

IFk,j(R̂i) ·Xk,j and R̂ =
∑

k+i≤I+1

IFk,j(R̂) ·Xk,j (3.15)

We now consider the impact functions for the mean squared error of individual accident year reserves.

3.3. Impact function for mse(Ri)

We have that for Mack’s Model, the mean squared error of prediction for individual accident year reserves
is given by

mse(R̂i) = Ci,I−i+1

I−1∑
j=I−i+1

σ2
j

j−1∏
s=I−i+1

fs

I−1∏
q=j+1

f2
q

+ C2
i,I−i+1

(
I−1∏

s=I−i+1

fs −
I−1∏

s=I−i+1

f̂s

)
(3.16)

When calculating the impact function for this statistic we have considered the σj and fj terms as unknown
constants such that we are calculating the sensitivity of the mean squared error to incremental claims rather
than the sensitivity of the estimate of this term. In evaluating the impact function we may then plug in the
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estimated values of σj and fs to approximate the impact for given observations in the loss triangle. The
impact function is given by

IFk,j(mse(R̂i)) =



0 if k > i

∑I−1
j=I−i+1(fI−i+1 · ... · fj−1σ

2
j f

2
j+1 · ... · f2

I−1)+

2Ci,I−i+1(f̂I−i+1 · ... · f̂I−1)2
∑I−1
s=I−i+1

σ̂2
s/f̂

2
s∑I−s

i=1 Ci,s
if k = i

−2Ci,I−i+1(f̂I−i+1 · ... · f̂I−1)

√∑I−1
s=I−i+1

σ̂2
s/f̂

2
s∑I−s

i=1 Ci,s

Ĉi,I
∑
{p∈D|p≥k}

((
1∑p

i=1 Ci,I−p+1

)
1{j≤I−p+1} −

(
1∑p

i=1 Ci,I−p

)
1{j≤I−p}

)
if k ≤ i− 1

(3.17)

We will now discuss some properties of IFk,j(mse(R̂i) with the aid of a 3D map (see Figure 6)

Figure 6: Illustration of IFk,j(mse(R̂6))

In the illustration above we are concerned with the mse for the reserves for accident year i and have again
chosen i = 6. From equation (3.17) we have that for k = i the impact is always the sum of two positive
terms and is independent of j. Hence for k = i the impact is always positive and equal. This is represented
by the row of equal height positive columns for accident year 6 in Figure 6.

For the cases when k ≤ i − 1 note that the term −2Ci,I−i+1(f̂I−i+1 · ... · f̂I−1)

√∑I−1
s=I−i+1

σ̂2
s/f̂

2
s∑I−s

i=1 Ci,s
is

always negative and is independent of k and j (i.e. the same value for this term is used throughout the
triangle for all k ≤ i− 1). Note that the term

Ĉi,I
∑
{p∈D|p≥k}

((
1∑p

i=1 Ci,I−p+1

)
1{j≤I−p+1} −

(
1∑p

i=1 Ci,I−p

)
1{j≤I−p}

)
is equal to IFk,j(R̂i) provided above.

Hence we see that IFk,j(mse(R̂i)) will have opposite sign to IFk,j(R̂i) throughout the triangle for k ≤ i− 1.

Notably, for k ≤ i − 1 and j ≤ I − i + 1 the impact will be positive which is shown in Figure 6 for
k ≤ 5 and j ≤ 5. We will see a change of sign for IFk,j(mse(R̂i)) from positive for j ≤ I − i+ 1 to negative
for j = I − i+ 2 when k = i− 1.

We will see similar trends in terms of the magnitude of IFk,j(mse(R̂i)) as was outlined above for IFk,j(R̂i).
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For instance as we move towards the top right corner of the loss triangle we will tend to see the impact
become increasingly negative (as opposed to increasingly positive for IFk,j(R̂i)).

Note that as the results for IFk,j(mse(R̂i)) will be in units of $2 it is often desirable to look at the im-
pact function for the root mean squared error (rmse). This is simply given by

IFk,j

(√
mse(R̂i)

)
=

1

2
· IFk,j(mse(R̂i))√

mse(R̂i)
(3.18)

This will allow for the results given to be in the same units as reserves and this is what has been done for
the illustration in Figure 6. We will now provide the impact function for the mean squared error of total
accident year reserves.

3.4. Impact function for mse(R̂)

We have that for Mack’s Model the mean squared error of prediction for total reserves is given by

mse(R̂) =

I∑
i=2

(s.e.(R̂i))
2 + Ĉi,I

 I∑
q=i+1

Ĉq,I

( I−1∑
r=I−i+1

2σ2
r/f̂

2
r∑I−r

n=1 Cn,r

) (3.19)

Note that to calculate the impact function we are considering the unknown σr values as constants rather
than taking their estimates. This again allows us to focus on the impact that incremental claims are having
on the mean squared error rather than its associated estimate. The impact function is given by

IFk,j

(
mse(R̂)

)
=

I∑
i=2

ÎFk,j(mse(R̂i)) + Ĉi,I

 I∑
q=i+1

Ĉq,I

 I−1∑
r=I−i+1

−2σ2
r

∑I−r
n=1 f̂

2
rCn,r

(
∂ lnCn,r

∂Xk,j
+ 2∂ ln f̂r

∂Xk,j

)
(∑I−r

n=1 Cn,rf̂
2
r

)2 +

(
I−1∑

r=I−i+1

2σ2
r/f̂

2
r∑I−r

n=1 Cn,r

)Ĉi,I
 I∑
q=i+1

(
IFk,j(R̂q) +

∂Cq,I−q+1

∂Xk,j

)+

 I∑
q=i+1

Ĉq,I

(IFk,j(R̂i) +
∂Ci,I−i+1

∂Xk,j

)
(3.20)

Note that this formulation of the impact function still contains derivative terms. These are readily calculable.
Importantly, these impacts are not simply the sum of the impacts for the mse of each individual accident

year. A similar point is made regarding taking the impact of the rmse for total reserves

√
mse(R̂) when

looking to calculate impact functions in practice such that we are looking at the impact in the same units as
reserves. We will now show the impact that incremental claims are having on the quantiles of total reserves
based on an assumption that they follow a lognormal distribution.

3.5. Impact function for Lognormal Quantiles

We now provide the impact function for total reserves under the common assumption that they are
lognormally distributed. Note that a similar approach may be employed for any location-scale distribution.
We would advise to validate that lognormal is an appropriate choice for the data at hand before implementing
the results provided here. We assume that total reserves (R) follow a lognormal distribution with

E[R] = R̂ = eµ+ 1
2σ

2

and Var(R) = mse(R̂) = e2µ+σ2

(eσ
2

− 1) (3.21)

Such that
R ∼ LN(µ, σ2) (3.22)

The q quantile of a lognormal distribution X ∼ LN(µ, σ) is given by

F−1
X (q) = eµ+σΦ−1(q) (3.23)

15



Where Φ(.) is the cumulative distribution function of the standard normal distribution. The impact function
for lognormal quantiles is given by

IFk,j
(
F−1
R (q)

)
=

2 · IFk,j(R̂) · R̂− IFk,j

(
mse(R̂)

)
2(mse(R̂) + R̂2)

+
Φ−1(q)

(
IFk,j(mse(R̂)) · R̂− 2mse(R̂) · IFk,j(R̂)

)
2R̂
(

mse(R̂) + R̂2
)√

ln
(

1 + mseR̂

R̂2

)
 ·

exp

ln(R̂)− 1

2
ln

(
1 +

mse(R̂)

R̂2

)
+

√√√√ln

(
1 +

mse(R̂)

R̂2

)
Φ−1(q)


(3.24)

Interestingly, in the examples we have considered the features of the impact function for quantiles are closely
related to what we have observed for the impact function of total reserves (IFk,j(R̂)) (given q > 0.5) as was
illustrated in Figure 5. This can be understood intuitively in that if an incremental claim is to have a given
impact on reserves then we may expect to see a similar impact on the associated quantiles.

3.6. Balance Sheet Reserves

It is often the case that general insurance companies will hold reserves that are given by the point
estimate plus a certain margin multiplied by the standard error of the estimate. That is

R̂BS = R̂+ c · s.e.(R̂) (3.25)

Where c > 0 represents the margin and s.e.(R̂) =

√
mse(R̂). These are the reserves that will appear on the

balance sheet of the general insurer. The impact that incremental claims have on these reserves is given by

IFk,j(R̂BS) = IFk,j(R̂) +
c

2
·

IFk,j

(
mse(R̂)

)
√
mse(R̂)

(3.26)

This highlights that the impact that incremental claims have on the mse of reserves may in turn influence
the reserves that are actually held by a general insurer and hence this impact should in some sense not
be considered secondary. We will now explore the impact function for reserves as calculated under the
Bornhuetter-Ferguson (Bornhuetter and Ferguson, 1972) methodology.

3.7. Impact function for Bornhuetter-Ferguson Reserves

Under the BF method the estimate of final claims in a given accident year is given by

ĈBFi,I = Ci,I−i+1 +

(
1− 1∏I−1

s=I−i+1 f̂s

)
µ̂i (3.27)

Where µ̂i is the prior estimate of ultimate claims for accident year i. Now the BF reserves are given as

R̂BFi = ĈBFi,I − Ci,I−i+1 (3.28)

=

(
1− 1∏I−1

s=I−i+1 f̂s

)
µ̂i (3.29)

= µ̂i − µ̂i
1

f̂I−i+1 · ... · f̂I−1

(3.30)

The BF impact function for individual accident year reserves is given by

IFk,j(R̂
BF
i ) =


0 if k ≥ i

µ̂i

∑
{p∈D|p≥k}

((
1∑p

q=1 Cq,I−p+1

)
1{j≤I−p+1}−

(
1∑p

q=1 Cq,I−p

)
1{j≤I−p}

)
(f̂I−i+1·...·f̂I−1)

if k < i
(3.31)
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We will discuss some of the interesting results for IFk,j(R̂
BF
i ) with the aid of the illustration given in Figure

7 which shows the impact function for Bornhuetter-Ferguson accident year 6 reserves.

Figure 7: Illustration of IFk,j(R̂BF
6 )

The results for IFk,j(R̂
BF
i ) differs from the corresponding impact function for the chain-ladder reserves

(IFk,j(R̂i)) in two major ways. Firstly, incremental claims in the same accident year as the reserve under
inspection have no impact on that reserve in the BF case whereas they do in the CL case. This is shown
by zero values for each accident year greater than or equal to 6 in the illustration above. This adds to the
argument that the BF method is more robust than the CL.

Secondly for the case when k < i under the CL approach the µ̂i is instead replaced by Ĉi,I and there

is no denominator term (i.e. (f̂I−i+1 · ... · f̂I−1) is not there). If we assume that the prior estimate of

ultimate claims µ̂i is less than or reasonably close to the CL estimate of ultimate claims Ĉi,I then we may
conclude that the BF method for calculating reserves is in fact more robust since the impact of individual
claims is divided by the factor (f̂I−i+1 · ... · f̂I−1). Of course this assertion will be dependent on the difference

between µ̂i and Ĉi,I , particularly because (f̂I−i+1 · ... · f̂I−1) may be only slightly greater than 1 in some

instances. Note further that (f̂I−i+1 · ... · f̂I−1) will be increasing with accident year i such that incremental
observations under the BF method will comparatively have increasingly less impact than under the CL
method for accident year reserves as i increases (given µ̂i < Ĉi,I or they are reasonably close).

Apart from the aforementioned changes in magnitude (and the change for k = i), the trends that we

observe for this impact function will be similar to what was described in Section 3.1 for IFk,j(R̂i). We now
provide an example of the aforementioned impact functions on a real loss-triangle from practice.

4. Impact Functions Example

In this section we will provide an example of the impact that incremental claims are having on the
reserves for an individual accident year, the rmse of reserves for this accident year, total reserves, the rmse
of total reserves and lognormal quantiles. The data that we will be using is from a Belgian non-life insurer
and is taken from Verdonck, Van Wouwe, and Dhaene (2009). The data is presented in Table 2.
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i/j 1 2 3 4 5 6 7 8 9 10
1 135 338 126 90 806 681 68 666 715 55 736 215 46 967 279 35 463 367 30 477 244 24 838 121 18 238 489 14 695 083
2 125 222 434 89 639 978 70 697 962 58 649 114 46 314 227 41 369 299 34 394 512 26 554 172 24 602 209
3 136 001 521 91 672 958 78 246 269 62 305 193 49 115 673 36 631 598 30 210 729 29 882 359
4 135 277 744 103 604 885 78 303 084 61 812 683 48 720 135 39 271 861 32 029 697
5 143 540 778 109 316 613 79 092 473 65 603 900 51 226 270 44 408 236
6 132 095 863 88 862 933 69 269 383 57 109 637 48 818 781
7 127 299 710 92 979 311 61 379 607 50 317 305
8 120 660 241 89 469 673 71 570 718
9 134 132 283 87 016 365
10 131 918 566

Table 2: Incremental Claims Data from Verdonck, Van Wouwe, and Dhaene (2009)

By applying Mack’s Model to this data set we calculate reserves for accident year 8 as $226 403 952, total
reserves as $1 463 388 942, rmse for accident year 8 reserves as $9 448 925 and the rmse for total reserves as
$45 480 914. Table 3 provides the impact that each incremental claim is having on accident year 8 reserves.
A 3D graphical representation of these impacts is given in Figure 8.

i/j 1 2 3 4 5 6 7 8 9 10
1 -0.1762 -0.1762 -0.1762 0.0649 0.0955 0.1346 0.1961 0.2899 0.4679 0.9748
2 -0.1479 -0.1479 -0.1479 0.0932 0.1238 0.1628 0.2244 0.3182 0.4962
3 -0.1262 -0.1262 -0.1262 0.1149 0.1455 0.1845 0.2461 0.3398
4 -0.1067 -0.1067 -0.1067 0.1344 0.1650 0.2040 0.2656
5 -0.0878 -0.0878 -0.0878 0.1533 0.1839 0.2229
6 -0.0667 -0.0667 -0.0667 0.1744 0.2050
7 -0.0394 -0.0394 -0.0394 0.2017
8 0.8037 0.8037 0.8037
9 0 0
10 0

Table 3: IFk,j(R̂8)

Figure 8: Illustration of IFk,j(R̂8)

18



We see that the impact is negative for all k ≤ 7 and j ≤ 3. The sign of the impact is then positive for all
j > 3 and importantly is increasing along diagonals towards the top right hand corner observation which
has the greatest impact (0.9748). Additionally note that the impact is the same for k = 8 and is seemingly
of greater relative magnitude than those for k = i when i = 6 as illustrated in Figure 4. This can be
understood by noting that the impact in each of these cases is defined by equation (3.5) and this will be
increasing with i. For constant j, the impact is increasing with k and for constant k the impact is increasing
with j for j ≥ 3.

i/j 1 2 3 4 5 6 7 8 9 10
1 0.0971 0.0971 0.0971 -0.0358 -0.0527 -0.0742 -0.1081 -0.1598 -0.2579 -0.5373
2 0.0815 0.0815 0.0815 -0.0514 -0.0682 -0.0897 -0.1237 -0.1753 -0.2735
3 0.0696 0.0696 0.0696 -0.0633 -0.0802 -0.1017 -0.1356 -0.1873
4 0.0588 0.0588 0.0588 -0.0741 -0.0910 -0.1125 -0.1464
5 0.0484 0.0484 0.0484 -0.0845 -0.1014 -0.1229
6 0.0368 0.0368 0.0368 -0.0961 -0.1130
7 0.0217 0.0217 0.0217 -0.1112
8 0.0234 0.0234 0.0234
9 0 0
10 0

Table 4: IFk,j

(√
mse(R̂8)

)

Figure 9: Illustration of IFk,j

(√
mse(R̂8)

)

The impact that each incremental claim is having on the rmse of the reserves for accident year 8 is given in

Table 4 with a graphical representation provided in Figure 9. For IFk,j

(√
mse(R̂8)

)
we observe that the

sign of the impact is the opposite of that for IFk,j(R̂8) (except when k = 8) and we observe the same trends
in terms of magnitude. In particular, note that the impact is increasing in magnitude towards the top right
corner observation however these impacts are negative.
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i/j 1 2 3 4 5 6 7 8 9 10
1 -1.3875 -0.9367 -0.6142 -0.3137 0.0100 0.4225 1.0733 2.0643 3.9465 9.3050
2 -1.0885 -0.6378 -0.3153 -0.0147 0.3090 0.7214 1.3723 2.3633 4.2455
3 -0.8595 -0.4087 -0.0862 0.2143 0.5380 0.9505 1.6013 2.5923
4 -0.6530 -0.2023 0.1202 0.4208 0.7445 1.1570 1.8078
5 -0.4531 -0.0024 0.3201 0.6206 0.9444 1.3568
6 -0.2300 0.2208 0.5433 0.8438 1.1675
7 0.0586 0.5094 0.8319 1.1324
8 0.4751 0.9258 1.2483
9 1.1914 1.6421
10 3.0645

Table 5: IFk,j(R̂)

Figure 10: Illustration of IFk,j(R̂)

The impact function for total reserves is given in Table 5 with the corresponding 3D plot given in Figure
10. As expected we see that the top left observation X1,1 is having a significant negative impact on total
reserves (-1.3875) and those observations around this top left corner are also having a negative impact.

The top right corner observation X1,10 is having the largest impact on reserves (9.3050) and it is posi-
tive. Additionally, the observations around this top right corner are also significantly positive.

Observation X10,1 is also having a significant positive impact (3.0645). Some additional interesting re-
sults is that for constant k the impact is increasing with j and for constant j the impact is increasing with
k throughout the triangle. The impact is also increasing as we move along diagonals towards the top right
corner for all j ≥ 4. These results can be understood by noting similar properties in the impact function for
individual accident year reserves since these impacts are simply a summation of the associated individual
impacts.
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i/j 1 2 3 4 5 6 7 8 9 10
1 0.1320 0.0636 0.0252 -0.0052 -0.0156 -0.0534 -0.1145 -0.2031 -0.3734 -0.8002
2 0.1179 0.0496 0.0111 -0.0192 -0.0296 -0.0674 -0.1286 -0.2172 -0.3938
3 0.1242 0.0558 0.0174 -0.0129 -0.0233 -0.0611 -0.1223 -0.2108
4 0.0989 0.0305 -0.0079 -0.0382 -0.0486 -0.0864 -0.1476
5 0.0893 0.0209 -0.0175 -0.0478 -0.0582 -0.0960
6 0.0816 0.0132 -0.0253 -0.0556 -0.0660
7 0.0731 0.0047 -0.0337 -0.0640
8 0.0617 -0.0066 -0.0451
9 0.0527 -0.0157
10 0.0605

Table 6: IFk,j

(√
mse(R̂)

)

Figure 11: Illustration of IFk,j

(√
mse(R̂)

)

The impact of individual claims on the rmse of total reserves is given in Table 6 with the associated 3D
graph in Figure 11. It appears that the main result for these impacts is that for development period 1, all
impacts are positive and then holding k constant the impacts are decreasing with j towards zero and then
continuing in this pattern, are becoming increasingly negative towards the upper right corner.
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i/j 1 2 3 4 5 6 7 8 9 10
1 -1.0163 -0.7565 -0.5417 -0.3263 -0.0330 0.2731 0.7520 1.4935 2.8965 7.0503
2 -0.7576 -0.4978 -0.2830 -0.0676 0.2257 0.5319 1.0107 1.7522 3.1374
3 -0.5125 -0.2527 -0.0379 0.1775 0.4709 0.7770 1.2558 1.9975
4 -0.3768 -0.1170 0.0978 0.3132 0.6066 0.9127 1.3915
5 -0.2045 0.0553 0.2701 0.4855 0.7789 1.0850
6 -0.0038 0.2560 0.4708 0.6862 0.9796
7 0.2600 0.5198 0.7346 0.9500
8 0.6429 0.9027 1.1175
9 1.3307 1.5905
10 3.2156

Table 7: IFk,j

(
F−1
R (0.995)

)

Figure 12: Illustration of IFk,j

(
F−1
R (0.995)

)

The impact that each incremental claim is having on the 99.5% quantile of total reserves under the assump-
tion that they are log-normally distributed is given in Table 7 and the corresponding 3D graph is given in
Figure 12. Importantly, we see similar trends in this impact triangle as what was seen for IFk,j(R̂) (Table
5). Notably, the three cornerpoints X1,1, X1,10 and X10,1 are having significant impacts on the 99.5% quan-
tile of reserves. We now describe the robust bivariate chain-ladder technique and illustrate two alternative
formulations of this methodology.

5. Robust Bivariate Chain-Ladder

In this section, we develop two alternative approaches for the detection and treatment of outliers in a
bivariate chain-ladder setting. We begin by reviewing the two robust bivariate chain-ladder techniques that
were introduced by Verdonck and Van Wouwe (2011) based on the bagplot (Rousseeuw, Ruts, and Tukey,
1999) or MCD (Rousseeuw, 1984) Mahalanobis distance respectively.

In our alternative approaches, we explore the use of two different outlier detection techniques. These
techniques are AO (see Section 2.5.3) and bd (see Section 2.5.1). The motivation for these choices firstly
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comes from the fact that the MCD Mahalanobis distance approach assumes elliptical symmetry of the mul-
tivariate data. If this assumption is not met we may fail to detect outlying observations as well as falsely
declare regular observations as outliers due to masking and swamping effects respectively. The bagplot is
better able to effectively visualise bivariate data highlighting any correlation, skewness and tail behaviour.
However it should be noted that although it effectively visualises such data it still may misclassify outliers
if the shape of the dataset is not completely encapsulated in the bag and hence fence. For example if a
distribution has a large portion of its points clustered together with a long tail then we would effectively see
a small bag to cover this cluster and some observations located far away from here. Upon multiplying the
bag out to create the fence these tail or skewed observations may be detected as outliers whereas they are
to be expected from the true data generating process. This observation is currently on a heuristic basis and
further research could be directed to exploring the effectiveness of the bagplot and AO techniques under
varying distributions with and without contamination.

Additionally, the bagplot is purely based on a form of ranking known as halfspace depth (see Section
2.5.1). As a result, without having the graph available it is difficult to communicate just how outlying
an observation is. We will now present comparisons between these four outlier detection techniques when
applied to real non-life insurance data. In particular, we perform the analysis on two separate bivariate
datasets.

5.1. Review of Verdonck and Van Wouwe (2011)

The robust bivariate chain-ladder technique was put forward by Verdonck and Van Wouwe (2011) and
the general steps involved are as follows:

1. Apply the robust Poisson GLM chain-ladder technique (Verdonck and Debruyne, 2011) to each triangle
separately. Obtain residuals from each triangle given by

rij =
Xij − µ̂ij
V

1
2 (µi,j)

(5.1)

2. Store residuals from each triangle as bivariate observations in a n× 2 matrix X = (x1, ...,xn)′ where

xi = (rkj1, rkj2). We have that n = I(I+1)
2 .

3. Apply either of the following outlier detection techniques to these bivariate residuals.

• Bagplot (see Section 2.5.1)

• MCD Mahalanobis Distance (see Section 2.5.2)

4. Adjust outliers. For the bagplot, outlying observations are brought back to the fence (or loop).
For the MCD Mahalanobis distance technique observations are brought back to the tolerance ellipse
representing the 95% quantile of the χ2

2 distribution.

5. Backtransform adjusted residuals to obtain robust incremental claims XRob
i,j .

6. Apply multivariate time series chain-ladder (Merz and Wüthrich, 2008) to robust observations.

5.2. Example 1

The data for this example is from a Belgian non-life insurer and is taken from Verdonck and Van Wouwe
(2011). It is given in Table 8 and Table 9 in the form of incremental claims.
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i/j 1 2 3 4 5 6 7 8 9 10
1 254 908 225 012 302 975 166 411 151 984 217 229 141 821 276 262 142 600 2 494
2 67 327 77 144 67 030 103 595 12 520 11 060 10 999 10 990 10 967
3 135 672 98 538 79 723 207 172 208 054 373 823 368 187 669 728
4 96 629 41 869 37 139 65 146 14 307 14 708 11 319
5 171 666 71 199 58 028 2 026 1 334 10 398
6 144 268 98 302 43 565 44 139 3 256
7 134 052 115 764 164 804 157 802
8 47 944 12 547 41 460
9 86 939 93 169
10 185 117

Table 8: Bivariate Data Set 1(a) (Verdonck and Van Wouwe, 2011)

i/j 1 2 3 4 5 6 7 8 9 10
1 967 230 606 149 519 783 289 589 184 934 107 586 67 288 54 253 23 042 51 608
2 878 807 613 015 535 822 372 336 254 237 153 023 109 544 100 845 89 940
3 1 033 021 724 518 1 160 662 782 504 512 513 421 055 331 188 272 688
4 1 012 868 885 972 732 013 468 433 351 207 209 129 254 059
5 1 120 597 711 597 744 049 442 284 256 651 279 402
6 862 518 788 698 711 795 516 501 462 322
7 1 012 028 931 080 733 736 566 388
8 1 088 057 771 283 888 458
9 1 241 912 823 460
10 905 109

Table 9: Bivariate Data Set 1(b) (Verdonck and Van Wouwe, 2011)

5.2.1. Bagplot

We begin by illustrating the major shortcoming of the bagplot approach in that it does not provide a
measure of outlyingness that is unique for each observation. In particular we refer to Figure 13 which shows
that four observations are detected as outliers and these are represented by the red dots outside the loop
of the bagplot. These are observations X1,1, X3,1, X3,2 and X5,1. As one would reasonably expect each of
these observations have the lowest halfspace depth of 1.
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Figure 13: Example 1 Bagplot

However, four non-outlying observations also have a halfspace depth of 1. These are highlighted in
Figure 13 by purple crosses and correspond to observations X2,4, X3,3, X6,1 and X6,5. These observations
are vertices on the loop of the bagplot. Hence without the corresponding bagplot little inference can be
made about how outlying the outliers are and further still about whether an observation is outlying or not.
This will become an even bigger issue if attempts are made to extend this technique to higher dimensions
where graphical representations become less available.

5.2.2. MCD Mahalanobis Distance

When employing the MCD Mahalanobis technique a graphical representation is also available in the
bivariate case. In particular we can plot each data point as well as tolerance ellipses of which have a
distance to the robust central estimate of the data equal to a quantile of the χ2

2 distribution. Outliers are
adjusted by a technique known as bivariate Winsorization such that an outlying observation x is adjusted
according to

min

(√
c

MD(x)
, 1

)
· x (5.2)

Where c is equal to the 95% quantile of a χ2
2 distribution. Figure 14 provides these plots before and after

outliers have been adjusted.

(a) Tolerance Ellipses Before Adjusting Outliers (b) Tolerance Ellipses After Adjusting Outliers

Figure 14: Example 1 Tolerance Ellipses

25



5.2.3. Adjusted Outlyingness

We now explore Adjusted-Outlyingness (AO) as an outlier detection and adjustment technique in the
bivariate case. AO explicitly incorporates a robust measure of skewness and provides a scalar measure of
outlyingness for each multivariate observation and thus alleviates the aforementioned issue with the bagplot
based on halfspace depth. A bagplot based on AO is also available in the two dimensional case. An example
of this is given in Figure 15a where the red asterisk is the point with the lowest AO (0.06871) representing
a central point of the data analogous to the Tukey median, the dark blue area represents the bag which
contains the 50% of points with the lowest AO and the light blue area represents the loop whose perimeter
is constructed by forming the convex hull of all points not declared as outliers. Now in this example we have
used the traditional cut-off value given in Hubert and Van der Veeken (2008) to declare outliers (see Section
2.5.3). Alternatively a fence may be drawn, which is given by multiplying the bag by 3 relative to the point
with the lowest AO and then all observations beyond the fence are subsequently declared as outliers as is
done when employing the bagplot.

(a) Adjusted-Outlyingness Bagplot (b) Adjusted-Outlyingness Bagplot with Fence

Figure 15

Interestingly, note that under the AO approach, observation X5,1 is no longer declared an outlier (ob-
servation on far right of Figure 13) however now observation X3,3 has been declared an outlier (observation
on far left of Figure 15a). Further note that if we were to use the approach of drawing a fence to detect
outliers in the AO case we would have also declared observation X6,5 as an outlier. This is shown in Figure
15b where the fence is given in red and observation X6,5 is shown as an orange triangle. We may conclude
that this is a boundary case and some further inspection may be warranted. Although the AO approach is
able to give us a scalar measure of outlyingness and handle skewness in the dataset it does not explicitly
account for heavy tails.

5.2.4. Bagdistance

The second outlier detection approach we propose is the bd (see Section 2.5.1) which utilises the bag to
capture the shape of the bivariate data and provides a distance measure for each observation to represent
its outlyingness. From here we set a cut-off point such that data points with a bd beyond this threshold are
classified as outliers and are adjusted back to an appropriate point on the ray emanating from T∗ passing
through x. Hubert, Rousseeuw, and Segaert (2016) note that points on the fence will have a maximum bd of
3 and hence if we choose this as the cut-off distance we will detect the same outliers as when employing the
traditional bagplot approach. An illustration of the bd is given in Figure 16 where the bd for the outliers is
given by taking the ratio of the orange line to the white line (noting that the orange line continues through
to T∗).
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Figure 16: Bagdistance Illustration

5.2.5. Detection and Adjustment Results

The following table summarises the outliers detected by the four techniques discussed here where a tick
indicates that the observation was flagged under the relevant technique and a cross indicates that is was not.
All observations not listed here were not flagged by any of the techniques. Further, the results in brackets
correspond to the halfspace depth, MCD Mahalanobis distance, AO and bd values for each observation
respectively.

Outliers Bagplot MCD AO bagdistance*
X1,1 X(1) X(15.2598) X(2.7539) X(3.3066)
X2,4 X (1) X(7.4651) X (1.8679) X (2.3911)
X3,1 X(1) X(16.0485) X(2.5435) X(4.0065)
X3,2 X(1) X(16.3325) X(2.5154) X(4.0657)
X3,3 X (1) X(9.7688 ) X(2.3477) X (2.6957)
X5,1 X(1) X(12.5832 ) X (1.7130) X(3.3622)
X6,5 X (1) X(9.6620) X** (2.0092) X (2.3614)

Table 10: Example 1 Outlier Detection Results

*using cutoff distance of 3. **detected using AO fence rather than traditional cut-off value.

Note that the cut-off value for AO was 2.167. After detecting outliers under each of these techniques
the focus now turns to adjusting them. Under the bagplot approach Verdonck and Van Wouwe (2011) say
that outlying observations should be brought back to the fence however upon inspecting their plots they
appear to have brought observations back to the loop. In Figure 17a we show the bagplot with the fence
drawn. Figure 17b shows the bagplot after outlying observations are adjusted back to the fence under the
assumption that there are now no outliers in the set. Note that under this assumption, all observations are
captured within the loop. However, if we were to simply adjust these observations back to the fence or loop
and then re-apply the classical bagplot we would still detect one outlier in each case and the loop would be
of different shape to what is shown here.

27



(a) Bagplot with Fence (b) Bagplot with Outliers Adjusted Back to Fence

Figure 17

This is because the adjustment of such outliers has altered the shape of the bag and in turn altered the shape
of the fence. These plots are given in Figure 18 where we note that the fence is not plotted in either case.
The light blue area represents the new loop which is given by the convex hull of all non-outlying adjusted
residuals. Additionally, note that the outlier that is detected in the case of adjustment back to the loop is
observation X3,3 which is not detected from the original bagplot.

(a) Standard Bagplot After Adjusting Outliers Back

to Loop

(b) Standard Bagplot After Adjusting Outliers Back to

Fence

Figure 18

This is an interesting result in that it shows that if we began with the sample given by the adjusted residuals
we would still have detected an outlier. Unlike many other applications we cannot simply delete outlying
observations in a loss triangle and hence their adjustment is critical. However performing an iterative
procedure where we continue to adjust observations until no outliers are flagged upon reapplication of the
bagplot (or another detection technique) may be ill-advised. This is because in adjusting the original outliers
we will have reduced the dispersion of the data and hence may misclassify observations as outliers that were
not originally detected. For the bagplot we may choose to adjust outliers back to the loop or the fence and
we explore both options. Note that through calculation of the bagdistance for each observation a similar
adjustment technique as was used in the MCD Mahalanobis example can be employed in that we adjust an
outlying observation x according to

min

(
f

bd
, 1

)
x (5.3)

Where f represents the factor of the bag that we wish to adjust oultiers back to. For adjustment back to
the fence we would choose f = 3. Note that other adjustment functions could be considered such that,
dependant on the level of outlyingness as measured by bd, observations are adjusted to differing degrees.
We now turn to the adjustment of outlying residuals under the AO methodology.
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The AO approach provides a scalar measure of outlyingness for each observation. This measure is based on
numerous one-dimensional projections of the individual multivariate observations and the total multivariate
sample. For each of these projections, the univariate measure of AO is calculated. The maximum of these
univariate AO values after all the projections is taken to be the AO measure in the multivariate case. As a
result without knowing which direction has led to the final AO we are seemingly unable to backtransform
the AO measure to lead to adjusted residuals and ultimately adjusted claim amounts. A solution to this is to
use the AO-based bagplot such that we adjust outliers back to the fence or loop. Both of these options will
be explored. Table 11 and Table 12 summarise the values of the residuals under each robust methodology
for Triangle 1 and 2 respectively. Table 13 and Table 14 summarise the claim values for the outliers detected
and their adjusted values under each available approach for Triangle 1 and 2 respectively. Note that in
the case of the AO we are only considering those observations that were flagged as outliers based on the
traditional cut-off as given in Hubert and Van der Veeken (2008). Further, as we are adjusting residuals
back in the direction of the Tukey median this may lead to an upward or downward adjustment for each
residual and similar adjustments will be seen for the corresponding claim observations.

Outliers Initial MCD BP-Fence BP-Loop AO-Fence AO-Loop
X1,1 -12.78 -8.01 -10.20 0.69 -9.80 -7.21
X2,4 401.25 359.47 NA NA NA NA
X3,1 -369.49 -225.77 -272.88 -134.19 -266.09 -136.15
X3,2 -340 -205.93 -246.93 -124.30 -242.57 -128.07
X3,3 -411.04 -321.91 NA NA -300.74 -202.19
X5,1 532.56 367.49 476.82 314.81 NA NA
X6,5 -183.68 -144.64 NA NA NA NA

Table 11: Example 1 Triangle 1 Residual Adjustment Results

Outliers Initial MCD BP-Fence BP-Loop AO-Fence AO-Loop
X1,1 375.18 235.09 339.67 190.12 287.59 211.68
X2,4 -14.63 -13.11 NA NA NA NA
X3,1 -372.25 -227.45 -280.66 -149.18 -268.07 -137.17
X3,2 -386.96 -234.37 -287.54 -156.55 -276.07 -145.76
X3,3 57.04 44.67 NA NA 41.73 28.06
X5,1 121.49 83.83 107.57 67.13 NA NA
X6,5 241.16 189.91 NA NA NA NA

Table 12: Example 1 Triangle 2 Residual Adjustment Results
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Outliers Initial MCD BP-Fence BP-Loop AO-Fence AO-Loop
X1,1 254 908 257 348 256 229 261 793 256 434 257 756
X2,4 103 595 96 131 NA NA NA NA
X3,1 135 672 221 452 193 332 276 108 197 384 274 935
X3,2 98 538 169 192 147 587 212 214 149 886 210 225
X3,3 79 723 129 169 NA NA 140 911 195 580
X5,1 171 666 134 320 159 055 122 403 NA NA
X6,5 3256 11 061 NA NA NA NA

Table 13: Triangle 1 Outlier Adjustment Results

Outliers Initial MCD BP-Fence BP-Loop AO-Fence AO-Loop
X1,1 967 230 852 907 938 342 816 661 895 966 834 203
X2,4 373 336 373 291 NA NA NA NA
X3,1 1 033 021 1 210 086 1 144 699 1 305 022 1 160 047 1 319 677
X3,2 724 518 887 681 830 531 970 216 842 770 981 731
X3,3 1 160 662 1 147 601 NA NA 1 144 603 1 130 256
X5,1 1 120 597 1 082 806 1 106 689 1 066 266 NA NA
X6,5 462 322 432 914 NA NA NA NA

Table 14: Triangle 2 Outlier Adjustment Results

NA values are provided where outliers were not detected under this methodology.

Table 15 summarises the final reserve estimates and their associate rmse for each individual triangle and total
reserves under each outlier detection technique as well as when we simply apply the multivariate chain-ladder
without adjusting any observations. Note that we have employed the multivariate time series chain-ladder
technique as described in Merz and Wüthrich (2008) however we consider the last three development periods
as separate univariate triangles. This is because there are few data points for these development periods and
applying the multivariate chain-ladder to such periods often leads to highly volatile results or potentially
failure in that elements of the estimated correlation matrices may have absolute values greater than one.
This in turn may lead to a lack of convergence. Note that some authors (including Merz and Wüthrich
(2008)) suggest extrapolation of these correlation variables from the previous periods however as our main
focus is on outlier detection and adjustment we have not pursued this option. We see that reserves are
reduced most significantly when outlying residuals are adjusted back to the AO loop which constitutes a
greater adjustment than bringing them back to the fence. Note however that based on our impact functions
we understand that reserves will not necessarily always be reduced when individual observations are reduced
or vice versa. Additionally, we notice that the rmse has also been reduced most significantly when adjusting
outlying observations back to the AO loop. In particular in this case we notice a reduction in reserves of
7.189% and a reduction in their rmse of 26.297% suggesting enhanced accuracy in reserve estimates as a
result of this robust technique. We notice that the techniques with the greater reduction in reserve estimates
also saw a greater reduction in their associated rmse.
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Triangle 1 Triangle 2 Total
Reserve rmse Reserve rmse Reserve rmse

Original 4 010 062 1 134 699 10 560 527 1 104 725 14 570 589 1 752 820
MCD 3 590 649 871 937 10 380 469 981 092 13 971 118 1 410 517

Bagplot-Fence 3 692 996 979 661 10 386 446 1 035 434 14 079 441 1 531 297
Bagplot-Loop 3 394 290 830 458 10 303 610 962 597 13 697 901 1 325 176

AO-Fence 3 611 719 913 064 10 414 070 1 019 182 14 025 789 1 484 631
AO-Loop 3 294 333 755 805 10 228 773 962 865 13 523 106 1 291 879

Table 15: Example 1 Reserves

5.3. Example 2

The data for this example comes from Shi et al. (2012) of which one triangle represents a personal auto
business line and the other represents a commercial auto business line for a major US insurer. The data is
presented in Table 16 and Table 17 in incremental form.

i/j 1 2 3 4 5 6 7 8 9 10
1 1 376 384 1 211 168 535 883 313 790 168 142 79 972 39 235 15 030 10 865 4 086
2 1 576 278 1 437 150 652 445 342 694 188 799 76 956 35 042 17 089 12 507
3 1 763 277 1 540 231 678 959 364 199 177 108 78 169 47 391 25 288
4 1 779 698 1 498 531 661 401 321 434 162 578 84 581 53 449
5 1 843 224 1 573 604 613 095 299 473 176 842 106 296
6 1 962 385 1 520 298 581 932 347 434 238 375
7 2 033 371 1 430 541 633 500 432 257
8 2 072 061 1 458 541 727 098
9 2 210 754 1 517 501
10 2 206 886

Table 16: Bivariate Data Set 2(a) (Shi, Basu, and Meyers, 2012)

i/j 1 2 3 4 5 6 7 8 9 10
1 33 810 45 318 46 549 35 206 23 360 12 502 6 602 3 373 2 373 778
2 37 663 51 771 40 998 29 496 12 669 11 204 5 785 4 220 1 910
3 40 630 56 318 56 182 32 473 15 828 8 409 7 120 1 125
4 40 475 49 697 39 313 24 044 13 156 12 595 2 908
5 37 127 50 983 34 154 25 455 19 421 5 728
6 41 125 53 302 40 289 39 912 6 650
7 57 515 67 881 86 734 18 109
8 61 553 132 208 20 923
9 112 103 33 250
10 37 554

Table 17: Bivariate Data Set 2(b) (Shi, Basu, and Meyers, 2012)

This data set has a robust multivariate level of skewness of 8404.

5.3.1. Bagplot

Figure 19 shows the bagplot for this data, where 6 outliers have been detected.
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Figure 19: Example 2: Bagplot

Interestingly, two of these outliers, X6,5 and X7,3 have a halfspace depth of 2 and 3 respectively. These
points are marked with red crosses. Additionally, one non-outlying observation, X9,2 has a halfspace depth
of 1 and is marked with a purple cross. Again this highlights a shortcoming of the bagplot methodology.
Figure 20a and Figure 20b show the bagplot with the fence drawn in green and the bagplot after adjusting
residuals back to the fence respectively.

(a) Bagplot before Adjusting Outliers with Fence Drawn (b) Bagplot After Adjusting Outliers to Fence

Figure 20

Figure 21 shows the bagplot after adjusting outliers to the loop.
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Figure 21: Bagplot After Adjusting Outliers to Loop

5.3.2. MCD Mahalanobis Distance

Figure 22 shows the tolerance ellipses before and after bivariate Winsorization based on the MCD Ma-
halanobis distance. Under this methodology 6 observations are detected as outliers. These are the same
observations as was flagged under the bagplot approach.

(a) Tolerance Ellipses Before Adjusting Outliers (b) Tolerance Ellipses After Adjusting Outliers

Figure 22: Example 2 Tolerance Ellipses

5.3.3. Adjusted Outlyingness

Figure 23a shows the bagplot based on AO where the outliers found using the traditional cut-off value
are shown in red. The light blue area represents the convex hull of all points not declared as outliers under
this methodology and may be considered as an AO based loop. As this loop is defined using the traditional
cut-off value which incorporates a robust measure of skewness calculated from the whole data set, it more
fully considers the shape of the data. On the other hand, the fence approach only captures the shape of
the data from the 50% of observations determined to be least outlying. Figure 23b shows the AO bagplot
with the fence drawn and we see that under this approach an additional 8 observations would have been
detected as outliers. Based on our previous arguments regarding the bag and hence fence potentially not
capturing the full shape of the data we will not consider these observations as outliers. However a further
issue that presents itself in this situation is the adjustment to the fence or the loop. We note that in this
situation if we adjust outliers back to the loop this will constitute a lesser adjustment than adjustment back
to the fence. Based on this observation, it is our recommendation that observations should be brought back
to the loop based on the traditional AO cut-off value as this fully considers the complete shape of the data
(for non-outlying observations) and explicitly incorporates skewness. For completeness we provide results
for adjustment back to both the fence and loop.
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5.3.4. Detection and Adjustment

Table 18 summarises the observations that were detected as outliers and their associated measures of
outlyingness.

(a) Adjusted-Outlyingness Bagplot (b) Adjusted-Outlyingness Bagplot With Fence

Figure 23: Example 2 AO Bagplots

Note that the traditional cut-off value for AO was 5.6154.

Outliers Bagplot MCD AO** bagdistance*
X6,5 X(2) X(13.1420) X (3.8184) X(3.6055)
X7,3 X(3) X(20.0908) X (3.7012) X(3.9901)
X7,4 X(1) X(25.8186) X (5.5598) X(4.9688)
X8,2 X(1) X(58.1493) X(6.2001) X(6.7914)
X8,3 X(1) X(48.6677) X( 7.9516) X(7.0146)
X9,1 X(1) X(289.9173) X(15.6375) X(15.7328)

Table 18: Example 2 Outlier Detection Results

*using cutoff distance of 3. **All were detected only when using traditional AO cut-off value.

Table 19 and 20 summarise the adjusted observations for Triangle 1 and Triangle 2 respectively.

Outliers Initial MCD BP-Fence BP-Loop AO-Fence AO-Loop
X6,5 238 375 224 962 231 519 219 000 NA NA
X7,3 633 500 654 904 645 420 656 675 NA NA
X7,4 432 257 401 447 408 961 393 496 NA NA
X8,2 1 458 541 1 560 906 1 543 460 1 564 869 1 567 534 1 527 714
X8,3 727 098 713 076 715 249 710 876 711 141 715 732
X9,1 2 210 754 2 138 700 2 143 912 2 138 425 2 136 384 2 140 214

Table 19: Example 2 Triangle 1 Outlier Adjustment Results
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Outliers Initial MCD BP-Fence BP-Loop AO-Fence AO-Loop
X6,5 6 650 9 564 8 206 11 050 NA NA
X7,3 86 734 74 439 80 157 73 947 NA NA
X7,4 18 109 29 840 27 268 33 348 NA NA
X8,2 132 208 97 104 103 724 96 543 94 831 108 487
X8,3 20 923 50 907 47 712 57 597 55 044 45 227
X9,1 112 103 42 888 47 022 41 679 40 664 44 343

Table 20: Example 2 Triangle 2 Outlier Adjustment Results

Triangle 1 Triangle 2 Total
Reserve rmse Reserve rmse Reserve rmse

Original 6 435 951 322 573 489 028 90 542 6 924 978 337 001
MCD 6 425 230 285 784 437 463 44 425 6 862 692 297 751

Bagplot-Fence 6 427 624 291 519 441 724 50 820 6 869 348 302 029
Bagplot-Loop 6 416 205 283 260 445 063 41 656 6 861 268 296 087

AO-Fence 6 883 147 300 431 431 610 50 330 6 883 147 300 431
AO-Loop 6 438 760 299 719 434 768 56 658 6 873 528 304 282

Table 21: Example 2 Reserves

Table 21 shows the reserves and their associated rmse as calculated under the different outlier detection
and adjustment techniques. The robust reserves in this instance are always modestly less than the original
reserves and the greatest adjustment is for the bagplot technique where residuals are brought back to the
loop. In this example, the cases with the greatest adjustment in reserves also have the greatest adjustment
in the rmse. In particular, the bagplot-loop methodology leads to a 0.920% reduction in reserves and a
12.141% reduction in rmse.

6. Conclusion

In deriving the impact functions for a range of statistics of interest to a reserving actuary under Mack’s
Model and the Bornhuetter-Ferguson reserving technique we have provided a mechanism to precisely trace
the sensitivity of these statistics to incremental claims in a loss triangle. We have provided an analysis of
some of the properties of these functions which were then highlighted on an example using data from a Bel-
gian non-life insurer. Additionally, we put forward two alternative robust bivariate chain-ladder techniques.
The first technique is based on Adjusted-Outlyingness and explicitly incorporates skewness into the analysis
whilst providing a unique measure of outlyingness for each observation. The second technique is based on
bagdistance which is derived from the bagplot however is able to provide a unique measure of outlyingness
and a means to adjust outlying observations based on this measure. We hope that future research will find
useful applications of the impact functions derived here as well as look to derive closed form equations for the
impact of incremental claims on statistics of interest under different reserving methodologies. In doing this
comparisons can be made between reserving techniques based on their susceptibility to certain observations
in a loss triangle. Furthermore extensions of robust chain-ladder techniques beyond the bivariate case should
be a focus of future work in this area.
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Appendix

A. Proof for IFk,j(R̂i)

We have that
R̂i = Ci,I−i+1(f̂I−i+1 · · · f̂I−1)− Ci,I−i+1 (A.1)

Write

f(X) = Ci,I−i+1(f̂I−i+1 · · · f̂I−1)

ln(f(X)) = ln(Ci,I−i+1) + ln(f̂I−i+1) + · · ·+ ln(f̂I−1)

1

f(X)

∂f(X)

∂Xk,j
=

∂ln(Ci,I−i+1)

∂Xk,j
+
∂ln(f̂I−i+1)

∂Xk,j
+ · · ·+ ∂ln(f̂I−1)

∂Xk,j

∂f(X)

∂Xk,j
= f(X)

(
∂ln(Ci,I−i+1)

∂Xk,j
+
∂ln(f̂I−i+1)

∂Xk,j
+ · · ·+ ∂ln(f̂I−1)

∂Xk,j

)
∴

∂R̂i
∂Xk,j

= Ĉi,I

(
∂ln(Ci,I−i+1)

∂Xk,j
+
∂ln(f̂I−i+1)

∂Xk,j
+ · · ·+ ∂ln(f̂I−1)

∂Xk,j

)
− ∂

∂Xk,j
Ci,I−i+1 (A.2)

We have that

∂

∂Xk,j
Ci,I−i+1 =

{
1, if k = i

0, otherwise
(A.3)

∂ln(Ci,I−i+1)

∂Xk,j
=

∂

∂Xk,j
ln(Xi,1 + · · ·+Xi,I−i+1) (A.4)

=

{
1

Ci,I−i+1
, if k = i

0, otherwise
(A.5)

Now for s ∈ I − i+ 1, . . . , I − 1,

∂

∂Xk,j
ln(f̂s) =

∂

∂Xk,j
ln

(∑I−s
i=1 Ci,s+1∑I−s
i=1 Ci,s

)
(A.6)

=
∂

∂Xk,j
(ln (X1,1 + · · ·+X1,s+1 + · · ·+XI−s,1 + · · ·XI−s,s+1) (A.7)

− ln(X1,1 + · · ·+X1,s + · · ·+XI−s,1 + · · ·XI−s,s))
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Note that equation (A.7) is equal to zero if k > I−s. The largest value I−s can take is I−I+ i−1 = i−1.
The first two cases of the impact function (equation (3.4)) follow from equations (A.3), (A.5) and (A.7)).

We must now derive the result for the values of k ≤ i − 1. In these cases the impact function is given
by

∂

∂Xk,j

(
I−1∑

s=I−i+1

ln(f̂s)

)
(A.8)

First consider the case when s = I − i+ 1.

∂

∂Xk,j
f̂I−i+1 =

∂

∂Xk,j
(ln(X1,1 + · · ·+X1,I−i+2+ (A.9)

· · ·+Xi−1,1 + · · ·Xi−1,I−i+2) − ln(X1,1 + · · ·+X1,I−i+1 + · · ·+Xi−1,1 + · · ·Xi−1,I−i+1))

Notice that Xk,j will appear once only in the first logarithmic term on the right hand side of equation (A.9)
if j = I − i + 2. However it will appear once in both terms if j ≤ I − i + 1. Hence we have the following
form for the cases when s = I − i+ 1.

∂

∂Xk,j
ln(f̂I−i+1) =


1∑i−1

q=1 Cq,I−i+2
− 1∑i−1

q=1 Cq,I−i+1
, if j ≤ I − i+ 1

1∑i−1
q=1 Cq,I−i+2

, if j = J − i+ 2
(A.10)

A similar result can be obtained for s = I − i+ 2 such that

∂

∂Xk,j
ln(f̂I−i+2) =


1∑i−2

q=1 Cq,I−i+3
− 1∑i−2

q=1 Cq,I−i+2
, if j ≤ I − i+ 2

1∑i−2
q=1 Cq,I−i+3

, if j = I − i+ 3
(A.11)

An important point to note is that for each development factor we are summing the cumulative payments
in the denominator(s) up to I − s. In equation (A.10) this is to i − 1 such that all values of k ≤ i − 1 are
included. However in equation (A.11) this is only up to i − 2. This implies that if k = i − 1 then Xk,j

will only appear in the first development factor in equation (A.2). This pattern will continue such that for
k = i− 2, Xk,j will only appear in the first two developments factors and so on. For k = 1, Xk,j will appear
in all development factors. This completes the proof.
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