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A convex optimisation perspective on dynamic GLMs
with applications to automated portfolio monitoring

Dimitri Semenovich , Michael McLean
UNSW, Finity

Abstract: Many insurance problems require fitting of statistical models. Updating thesemodels
to reflect new experience usually takes the form of periodic manual reviews, oen without a
formal process to evaluate the credibility of resulting parameter changes.

In the present paper we describe a framework that allows automatic updating of parame-
ters of a wide range of models while respecting certain optimality properties. Special cases in-
clude dynamic GLMs, the Kalman filter and a number of classical credibility and time series
models. Formulating parameter estimation as convex optimisation problems makes it is easy to
introduce additional constraints on parameter ranges, ensuring robustness of the procedure in
a production environment. Applications include “live” monitoring of conversion rates, claims
experience, changes in exposure and demand. It is also hoped that this presentation can clarify
some of the intuition behind classical methods.

Keywords: Dynamic generalised linear models, portfolio monitoring, credibility, graduation,
convex optimisation.

Acknowledgement: Some of the proposed applications are due to Charles Pollack, whom the
authors thank for the helpful discussion.

 Introduction
e past twenty years have seen dramatic changes in general insurance premium rating method-
ologies. First generalised linear models (GLMs) and later techniques from computational statis-
tics and machine learning such as “random forests” and “gradient boosting” [HTF] have been
adopted for personal lines pricing in most deregulated markets. Classical actuarial tools such as
graduation and credibility theory [BG] have not kept pace with the new practices and yet they
deal with important premium rating issues, such as optimal parameter updates, which cannot be
readily addressed in the standard GLM framework.

In this paper we argue that by focusing on the underlying optimisation problems it is possi-
ble not only to unify credibility and related methods with GLMs but to significantly extend the
practical reach of both.

. Overview of mathematical optimisation
Broadly, a substantial number of inference problems in statistics can be reduced to solving specific
optimisation problems.

Within optimisation, it is especially productive to focus on models for which there exist nu-
merical techniques that are guaranteed to find a global solution in polynomial time. e two large

Avariant of computational statistics practiced in computer science departments, with primary focus on empirical out
of sample performance and exploratory data analysis.





Conex optimion and dynamic GLMs

classes of such computationally tractable problems are convex problems and those that can be re-
duced to finding eigenvalues or singular values of certain matrices, e.g. the so called S-procedure.

Recent advances in algorithms [Wri] and modelling systems for convex optimisation have
dramatically increased their applicability. Today it is possible to use the same soware to effec-
tively solve robust versions of the classical Markowitz portfolio problem, maximum likelihood
estimation in generalised linear models and perform image denoising.

e key practical benefit of working directly with modelling systems such as  [GB] and
numerical solvers rather than standard statistical soware lies in the ability to modify the models
to reflect specific aspects of judgment and business requirements (e.g., some parameters should
be always positive). In the framework of credibility theory, for example, even a slight extension
effectively turns into a research problem (witness the proliferation of namedmodels in the s),
where one may or may not finally succeed. On the other hand familiarity with the basics of con-
vex analysis [BV, Roc] and a few heuristics will permit effective creation of custom models.
e tedious (and ultimately mechanical) task of converting the resulting formulation to one of
standard forms understood by solvers can be handled by the modelling system. In particular, all
the optimisation problems mentioned in this paper are convex, which can be easily verified using
“convex calculus” as in [BV, Chapter ].

. Insurance applications of dynamic models
Models are at the heart of many insurance problems. Updating these models to reflect new ex-
perience usually takes the form of periodic manual reviews but oen without a formal process to
evaluate the credibility of resulting parameter changes. e situation is paralleled by various regu-
larly generated internal reports which oen are just one or twoway tables containing comparisons
against budget or year-on-year.

Finding actionable trends in datawhen viewed in this format can be challenging at best. While
the issue has received surprisingly little attention until recently, the need for more sophisticated
monitoring has been pointed out by Taylor [Tay] and Berry et al. [BHMM]. Indeed ap-
proaches to model evaluation described in the latter paper are complimentary to the parameter
update strategies described here.

In actuarial practice dynamic model revision has traditionally been addressed in the setting of
credibility theory [BG]. e associated literature is somewhat difficult, suffering from overly
abstract notation and at the same time understating the domain of its own applicability due to a
strong focus on (linear) closed form solutions.

In this paper we describe a framework that allows automatic updating of parameters for a wide
range of models. Special cases include dynamic GLMs, Kalman filter and a number of classical
credibility formulas. As already mentioned, posing parameter estimation as a convex optimisa-
tion problem makes it is easy to introduce additional constraints on parameter ranges, ensuring
robustness of the procedure in a production environment.

Applications include “live”monitoring of conversion rates, claims process and costs, changes in
exposure and demand. It is also hoped that the new presentation can clarify some of the intuition
behind classical methods.

Video lectures for the Stanford course EEA Convex Optimization, made publicly available via the Stanford En-
gineering Everywhere initiative, are highly recommended as background for this paper. It is worth noting that one of
many fields where convex analysis has proven to be the key tool is mathematical economics; see [Voh] for an accessible
introduction from this point of view.

 Actuaries InstituteGeneral Insurance Seminar, 



Conex optimion and dynamic GLMs

0 10 20 30 40 50 60 70 80 90 100
−25

−20

−15

−10

−5

0

5

10

15

0 10 20 30 40 50 60 70 80 90 100
−25

−20

−15

−10

−5

0

5

10

15

Figure : Best viewed in colour. Le: Collection of linear models fit locally as new data (denoted
by grey dots) becomes available. Right: Estimates of the current trend obtained from a dynamic
modelwith second order smoothing. Note that at each time step the entire history is re-estimated.

 Dynamic parameter estimation
To illustrate the key points and introduce notation we discuss the simple case of mean estimation
when the underlying distribution evolves over time. Initially we consider only the so called linear
estimators, which coincidewithmaximum likelihood estimators for theGaussian distribution but
otherwisemaybe less efficient. Weassume that there are𝑚 timeperiods and in the timeperiod 𝑡we
obtain 𝑛 new observations, with 𝑖-th observation at time 𝑡 denoted as 𝑦 . e simplest approach
is to compute the sample average, updating it to reflect new data as they come in. It is well known
that the sample average:

𝑤 = 1
𝑚𝑛 𝑦 ()

solves the following quadratic loss minimisation problem:

minimise ‖𝐲 − 𝟏𝑤‖ = (𝑦 − 𝑤) . ()

Alternatively we can calculate the sample means of all 𝑚 time periods independently:

minimise ‖𝐲 − 𝟏𝑤 ‖ = (𝑦 − 𝑤 ) , ()

with the following analytic solutions:

𝑤 = 1
𝑛 𝑦 . ()

Both methods are clearly somewhat unsatisfying. In the first case we effectively assume that the
mean stays constant over time and the sensitivity of the estimate to new observations diminishes
as new data are acquired, while in the second case the changes in the mean are assumed to be
uncorrelated and we forgo any sharing of information between adjoining time periods.

One compromise might be a form of local regression where we fit a linear model over a time
Linear estimators, or at least optimal linear estimators, actuallyminimise a quadratic objectivewith the name referring

to the fact that such problems have analytic solutions in the form of linear functions of the original problem data.
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window of fixed width 𝑞 + 1 to form the estimate:

minimise ‖𝐲 − 𝟏(𝑡𝑤 + 𝑏)‖ = (𝑦 − (𝑡𝑤 + 𝑏)) , ()

which, unlike (), provides an indication of the current trend.
Another way to approach the problem is to observe that () can be equivalently rewritten in

the form similar to () by introducing some equality constraints:

minimise ‖𝐲 − 𝟏𝑤 ‖ = (𝑦 − 𝑤 )

subject to 𝑤 − 𝑤 = 0, 𝑡 = 1, … , 𝑚 − 1.
()

It is then natural to replace hard constraints with e.g. a quadratic penalty term (absolute values or
even maximum of differences etc. can also be considered):

minimise ‖𝐲 − 𝟏𝑤 ‖ + 𝜆‖𝐷 𝐰‖ = (𝑦 − 𝑤 ) + 𝜆 (𝑤 − 𝑤 ) , ()

delivering an effective compromise solution, where we can “dial” between () and () by choosing
the value of 𝜆 ≥ 0. Here 𝐷 is the (𝑚 − 1) × 𝑚 first order finite differences matrix:

𝐷 =
⎡⎢⎢⎢⎢
⎣

−1 1
−1 1

⋯
−1 1

⎤⎥⎥⎥⎥
⎦

()

and the 𝑘-th order finite differences matrix 𝐷 ∈ ℝ is recursively defined as:

𝐷 = 𝐷 𝐷 , 𝑘 = 2, 3, … ()

Heuristically, the “fidelity” term ∑ ‖𝐲 − 𝟏𝑤 ‖ encourages the solution 𝐰 to be close to
the original data 𝐲 and the smoothness or regularisation term ‖𝐷 𝐰‖ penalises non-zero
entries of𝐷 𝐰 (the discretised first derivative) of𝐰. If we would like to allow linear or higher
order polynomial trends without penalty, we can instead use ‖𝐷 𝐰‖ with 𝑘 = 2 or 𝑘 ≥ 3,
corresponding to discretised second and higher derivatives respectively.

It is important to consider what happens as we obtain data for the new time period 𝑚 + 1.
Perhaps the cleanest way to approach this is to form a new optimisation problem (e.g. ) with
updated data and obtain a new vector of estimates for the entire history of the process 𝐰 =
[𝑤 , … , 𝑤 , 𝑤 ] . Historically a number of schemes to efficiently compute 𝑤 given the
estimates at time 𝑚 have been proposed but advances in computing power have rendered them
considerably less relevant.

Figure  shows the results of running local regression () and mean estimation penalised with
second order differences () on some syntethic data.

. Exponential families and quantile splines
e same idea as in the previous section can also be applied to maximum likelihood estimation.
For example, consider a single parameter exponential family of distributions (see Appendix B for

ere exists a considerable arsenal of justifications for these heuristics, e.g. Gaussian or Laplacian priors, optimal
estimators under quadratic loss, sparsity properties of the solution, robustness considerations etc.
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Figure : uantile splines () applied to estimate 20 equally spaced distribution percentiles (de-
noted by colour gradient) given the information at 𝑡 = 100. Best viewed in colour.

details on notation) where the parameter can change over time:

𝑝(𝑦|𝑤 ) = ℎ (𝑦) exp 𝑤 𝜙(𝑦) − 𝐴(𝑤 ) . ()

We can attain similar results to () by solving the following penalised maximum likelihood prob-
lem:

minimise 𝐴(𝑤 ) − 𝑤 𝜙(𝑦 ) + 𝜆‖𝐷 𝐰‖ . ()

is formulation can also be extended to exponential families with multiple parameters (e.g. het-
eroscedastic multivariate Gaussian), see [WBAW] for a recent example.

An interesting alternative is to estimate distribution quantiles directly, instead of assuming a
parametric form and then trying to find the parameters. is can be accomplished by replacing
quadratic loss in ()with the quantile loss (seeAppendixA), so that solving the following problem
estimates the 𝜏-th quantile of the distribution given data up to time 𝑚:

minimise 𝜌 (𝑦 − 𝑤 ) + 𝜆‖𝐷 𝐰‖ , ()

yielding a variant of the so called quantile splines [KNP]. Figure  shows an example of quantile
splines applied to estimate a time varying distribution (at time 𝑡 = 100).

. Relation to classical actuarial models

.. Graduation

In actuarial literature a variant of () was first proposed by Bohlmann [Boh, Sea] at the end
of the th century in the context of mortality graduation. e goal of graduation is to smooth a
suitably normalised sequence of death counts 𝐲 = [𝑦 , 𝑦 , … , 𝑦 ] indexed by age at death. e
differences from () are that the indexing variable is age rather than time, there is a single observa-
tion per index value and it is generally not expected that the indexing set grows (i.e. no new data
are added):

minimise ‖𝐲 − 𝐰‖ + 𝜆‖𝐷 𝐰‖ , ()

with 𝜆 ≥ 0 and 𝑘 = 1. Whittaker [Whi] described the underlying probabilistic model and
an approximate solution method for the case of third order differences and weighted fidelity
term. In his remarkable paper Schuette [Sch] proposed the formulation using ℓ -norm penal-
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ties (weights omitted to simplify presentation):

minimise ‖𝐲 − 𝐰‖ + 𝜆‖𝐷 𝐰‖ , ()

Aer applying a standard transformation this optimisation problem can be reformulated as a lin-
ear program. Chan et al. [CCFY] show that for 𝑝, 𝑞 ∈ {1, 2, ∞} the mixed ℓ and ℓ norm
graduation problem:

minimise ‖𝐲 − 𝐰‖ + 𝜆‖𝐷 𝐰‖ , ()

canbe formulated as a linear programwhenever 𝑝, 𝑞 ∈ {1, ∞} and as a quadratic programwhenever
either 𝑝 or 𝑞 is 2.

Smoothing techniques equivalent toWhittaker graduation are known under different names
in many fields e.g. “Hodrick-Prescott filter” in economics [HP]. More recently, a variant of
():

minimise ‖𝐲 − 𝐰‖ + 𝜆‖𝐷𝐰‖ , ()

with 𝑝 = 2 (or equivalently squared ℓ -norm), 𝑞 = 1 and 𝐷 = 𝐷 has been popularised in
applied statistics literature as fed lso [TSR ]. In signal processing the same formulation is
called tol variion denoing. is procedure usually gives a piecewise constant solutions𝐰 i.e.
discretised first derivative 𝐷 𝐰 has mostly zero entries due to “sparsity inducing” property
of ℓ -norm penalties (also pointed out in the discussion of [Sch]). Similarly, using second order
differences 𝐷 oen results in a piecewise linear 𝐰 and has been described as ℓ trend filter-
ing [KKBG] and quantile splines [KNP], the latter () replacing the quadratic term with
quantile loss. All of these considerations can, of course, be directly applied tomodify the problem
().

.. Credibility

Another classical actuarial model essentially identical to the above setting is the Jones and Gerber
credibility formula [JG, BG]. Below are its simplified assumptions (omitting the conditions
on 𝑤 ):

𝔼(𝑤 − 𝑤 ) = 0, Var(𝑤 − 𝑤 ) = 𝜎 ,
𝔼(𝑦 |𝑤 ) = 𝑤 , Var(𝑦 |𝑤 ) = 𝜎 . ()

Best linear unbiased predictor of the parameter vector 𝐰 is then obtained as a solution of:

minimise 1
𝜎 (𝑦 − 𝑤 ) + 1

𝜎 (𝑤 − 𝑤 ) ()

or more concisely in vector notation:

minimise 1
𝜎 ‖𝐲 − 𝟏𝑤 ‖ + 1

𝜎 ‖𝐷 𝐰‖ . ()

When there is only a single observation per time step, this is effectively identical to Whittaker
graduation with first order differences as in ().

It seems that a particularly effectiveway to come to termswith the classical credibility literature
is by first examining the connections with the Kalman filter [Meh, JZb] and then explicitly
writing out the underlying optimisation problems following the approach in the next section.

 Actuaries InstituteGeneral Insurance Seminar, 
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 Kalman filter and dynamic GLMs
Kalman filter [Kal] and related ideas have played a central role in the success of state space
methods in engineering control through out s (culminating in the linear quadratic Gaussian
theory). Remarkably, the first practical application of the Kalman filter was to improve the accu-
racy of navigation for the Apollo program [MS], quickly followed by adoption for a wide range
of aerospace problems [GA]. In these applications the goal is typically to track the “state” of
a missile or a spacecra following Newtonian dynamics. e state vector would contain the cur-
rent position, velocity and acceleration vectors and the goal would be to repeatedly re-estimate
the state using measurements coming in from a range of sensors, such as inertial, optical, ground
based radar etc.

Kalman filter also has quite a long history in the actuarial literature [Meh, JZa, JZb,
Tay], particularly in claims reserving. Below we formulate the Kalman filter as an optimiza-
tion problem and describe some intuitive extensions that make the technique directly applicable
to tasks such as ongoing monitoring of conversion rates, claim frequencies or other aspects of
portfolio performance.

. Kalman filter as an optimisation problem
Kalman filter can be productively conceptualised as a “dynamic” extension of the standard least
squares problem:

minimise ‖𝐲 − 𝑋𝐰‖ , ()

Following () we partition the design matrix𝑋 and the response vector 𝐲 into𝑚 row blocks (cor-
responding to time periods):

𝑋 = ⎡⎢
⎣

𝑋
⋯

𝑋
⎤⎥
⎦

, 𝐲 = ⎡⎢
⎣

𝐲
⋯

𝐲
⎤⎥
⎦

. ()

e least squares problem () can then be transformed into an equivalent problemwith𝑚 copies
of the parameter vector by introducing some equality constraints:

minimise ‖𝐲 − 𝑋 𝐰 ‖

subject to 𝐰 − 𝐰 = 𝟎, 𝑡 = 1, … , 𝑚 − 1.
()

e underlying probability model can be written in the state space form with the identity state
transition matrix, no state transition noise and i.i.d. Gaussian observation noise, where 𝐰 is the
unobserved state vector and 𝐲 are the observations associated with time dependent observation
matrices 𝑋 :

𝐰 = 𝐰 , 𝐲 = 𝑋 𝐰 + 𝜖 ,
𝜖 ∼ 𝒩(0, 𝐼). ()

By introducing i.i.d. Gaussian state transition noise:

𝐰 = 𝐰 + 𝜈 , 𝐲 = 𝑋 𝐰 + 𝜖 ,
𝜈 ∼ 𝒩(0, 𝐼), 𝜖 ∼ 𝒩(0, 𝐼) ()

We can in fact avoid the Gaussianity assumption by posing a quadratic loss function instead which yields equivalent
estimators (the approach taken in section .).
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we effectively relax the equality constraints in () replacing themwith a squared ℓ -normpenalty.
It is then possible to perform estimation by solving the following convex optimisation problem:

minimise ‖𝐲 − 𝑋 𝐰 ‖ + ‖𝐰 − 𝐰 ‖ , ()

which amounts to substituting every independent variable in the model by its interaction with
time variable 𝑡 and regularising the first order differences in the corresponding parameters. e
estimation problem can be either solved directly or transformed back to the standard least squares
form:

minimise ‖𝐲 − 𝑋 𝐰‖ , ()

where the design matrix 𝑋 and the response vector 𝐲 are redefined as follows:

𝑋 =
⎡⎢⎢⎢⎢⎢⎢
⎣

𝑋
−𝐼 𝐼

⋯
−𝐼 𝐼

𝑋

⎤⎥⎥⎥⎥⎥⎥
⎦

, 𝐲 =
⎡⎢⎢⎢⎢⎢⎢
⎣

𝐲
0
⋯
0
𝐲

⎤⎥⎥⎥⎥⎥⎥
⎦

, 𝐰 = ⎡⎢
⎣

𝐰
⋯
𝐰

⎤⎥
⎦

. ()

e objective in () simultaneously performs both “filtering” and “smoothing” conditional
on all the observations up to time 𝑚. If new information becomes available the augmented op-
timisation problem should be solved again to obtain new estimates of the entire history of state
transitions 𝐰 = [𝐰 , … , 𝐰 , 𝐰 ] . Standard Kalman filter given information up to time
𝑚 + 1, on the other hand, only updates the estimate of the current state 𝐰 and requires a
backward “smoothing” pass to update estimates of past states 𝐰 , … , 𝐰 .

Indeed, the Kalman filter followed by a “smoothing” step can be viewed as a computationally
efficient recursive procedure for solving the normal equations of the least squares problem ()
which exploits block tri-diagonal structure of the matrix 𝑋 . With advances in numerical linear
algebra routines for sparse matrices and increasing computer speeds very large problems of this
kind can be solved directly.

So far we focused on the special case with the identity state transition matrix and i.i.d noise,
however state estimation in the the general linear Gaussian state space model:

𝐰 = 𝐹𝐰 + 𝜈 , 𝐲 = 𝑋 𝐰 + 𝜖 ,
𝜈 ∼ 𝒩(0, Σ ), 𝜖 ∼ 𝒩(0, Σ )

()

can also be expressed as a convex optimisation problem. Denoting ‖𝐚‖ = (𝐚 𝑃𝐚) , 𝑃-quadratic
norm for a positive definite matrix 𝑃, it is:

minimise ‖𝐲 − 𝑋 𝐰 ‖ + ‖𝐰 − 𝐹𝐰 ‖ . ()

We can easily recover both Whittaker graduation and Jones-Gerber credibility as state space
models by choosing one a dimensional state vector 𝑤 with the observation matrix 𝑋 a constant
vector 𝟏 [JZb, Ver].

. Some extensions to the dynamic models
Wecan use any convex loss for the observations, such as quantile loss (AppendixA) or the negative
log-likelihood for conditional exponential families (Appendix C), and still end up with a convex
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optimisation problem:

minimise ℒ(𝐲 ; 𝑋 𝐰 ) + ‖𝐰 − 𝐰 ‖ . ()

In the context of dynamic generalised linearmodels this corresponds toposteriormode estimation
as proposed by Fahrmeier [FK, Fah]. Non-Gaussian state noise is another possibility. It may
be beneficial to apply ℓ -norm penalty to state changes providedmost of the time parameters stay
constant with occasional large jumps:

minimise ℒ(𝐲 ; 𝑋 𝐰 ) + ‖𝐰 − 𝐰 ‖ . ()

Another possibility is a combination of norms. For example an approach combining squared ℓ -
norm and ℓ -norm penalties will attempt to decompose the state trajectory into a smooth and a
piecewise constant component:

minimise ℒ(𝐲 ; 𝑋 (𝐰 + 𝐜 )) + 𝜆 ‖𝐰 − 𝐰 ‖ + 𝜇 ‖𝐜 − 𝐜 ‖ . ()

We can allow linear trends in the parameters (this formulation can be reduced to the standard
state space model by expanding the state vector):

minimise ℒ(𝐲 ; 𝑋 𝐰 ) + ‖𝐰 − 2𝐰 + 𝐰 ‖ . ()

It is also possible to add general convex inequality and linear equality constraints on the parame-
ters. For example seasonality adjustments can be handled by introducing new variables 𝐜 , … , 𝐜
and equality constraints:

minimise ℒ(𝐲 ; 𝑋 (𝐰 + 𝐜 )) + ‖𝐰 − 𝐰 ‖

subject to 𝐜 = 𝐜 , 𝑡 = 1, … , 𝑚 − 𝑘

𝐜 = 0.

()

Formulating state space models as regularised regression can make them considerably more intu-
itive for those fortunate not to have a background in control theory.

 Insurance applications
It has been oen argued that actuaries have the data and the tools tomaterially improve the perfor-
mance of their companies by becoming involved in a wide range of operational decisions beyond
the traditional pricing and reserving functions. Some of the “actions” available to an insurer in-
clude its claims management strategy, pricing and profit loadings, denial of cover, policy features
and exclusions, and to some extent targeted advertising. Below we describe how the methods
developed in this paper can be applied to inform decision making in several of these areas.
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. Conversion rates
Estimation of conversion rates is one application where the model parameters can be expected to
rapidly evolve in response to changes in the market position, advertising initiatives etc. Improved
market transparency can only exacerbate these effects. While we do not discuss price testing di-
rectly, it is oen best considered in the same framework.

e problem is modelled well by a dynamic GLM with logistic loss and a penalty on the first
order differences in parameters, allowing for shis in the profile of conversion probabilities:

minimise log 1 + exp(𝐰 𝐱 ) − 𝑦 𝐰 𝐱 + 𝜆 ‖𝐰 − 𝐰 ‖ . ()

Appropriate time stepmay be on the order of one day to one week, depending on the distribution
channel, with the smoothing parameter 𝜆 chosen by cross validation.

Sudden changes in conversion rates could potentially trigger an investigation into the prof-
itability of the affected segments, in particular if the affected segments are not well represented
historically.

. Changes in exposure
Monitoring conversions alone is in a sense insufficient as a “conversion” is conditional on a renewal
notice or a quote having been issued in the first place. Looking at changes in exposure directly can
thus be an important additional tool to confirm the impact of rate changes, marketing initiatives
and to keep track of possible deterioration of the known cross-subsidies.

We can approach this by fitting multivariate distributions 𝑝(𝐱; 𝜃 ) to the risk factors 𝐱 associ-
ated with individual policies in each period 𝑡. Standard parameteric distributions, such as multi-
variate Gaussian would be of little help due to both lack of flexibility and difficulty in interpreting
e.g. the covariance matrix, whereas a non parametric technique such as a kernel density estima-
tor will arguably provide even less insight. On the other hand an exponential family distribution
(see Appendix B) with sufficient statistics roughly corresponding to the derived features used in
models of claim frequency and severity can be readily understood.

Working with exponential families of distributions with user specified sufficient statistics is
not (well) supported by available statistical soware, if only because computing the log-partition
function 𝐴(𝜃) quickly becomes intractable as the dimension of 𝐱 increases. Such an approach
might not have been very helpful in light these limitations, but it turns out that the density rio
of two exponential family distributions can be easily handled.

In particular it can be shown (see Appendix D) that if we label a sample of policies in force
in one period as negative examples 𝑦 = 0, those in a subsequent period as positive examples
𝑦 = 1 and fit a logistic model to these data, then the following quantity can be interpreted as an
estimator of the density ratio:

𝑝(𝐱|𝜃 )
𝑝(𝐱|𝜃 ) ≈ ̂𝜋

̂𝜋 exp (�̂� 𝜙(𝐱) + �̂�), ()

where �̂� ≈ 𝜃 − 𝜃 is the parameter vector of the logistic regression and ̂𝜋 , ̂𝜋 are the counts of
policies in force in respective periods. is is a very intuitive scheme and indeed its variant has
been reported in the insurance context [Pol].

We can naturally extend the idea by making some assumptions about the evolution of the pa-
rameters 𝜃 . If we impose a suitable prior on the quantity 𝜃 − 𝜃 we arrive to a logistic regression
model with a penalty terms of the form ‖𝐰 ‖, controlling themagnitude of individual parameters.
By considering priors on 𝜃 −𝜃 we obtain a dynamicGLMpenalising the first order differences

 Actuaries InstituteGeneral Insurance Seminar, 



Conex optimion and dynamic GLMs

‖𝐰 − 𝐰 ‖, as 𝜃 terms cancel out.

. Claim size and frequency
Automatic updating of technical cost models is perhaps the most direct application of dynamic
GLMs. Insurers perform periodic recalibrations of the regression models underlying their pre-
mium rates, however this process this may not be responsive enough to act on or even detect
rapid changes in the claims experience. To address this we can introduce time evolution of model
parameters as described earlier, e.g:

minimise ℒ(𝐲 ; 𝑋 𝐰 ) + 𝜆 ‖𝐰 − 2𝐰 + 𝐰 ‖ , ()

where ℒ(𝐲 ; 𝑋 𝐰 ) is the log-likelihood function for e.g. the Poisson or gamma distributions
and the regularisation term penalises departures from linearity in the estimated time trends. e
model can also be easily extended to work directly with smoo effects rather than individual pa-
rameters.

One difficulty is that the new claim information would need to be sufficiently well developed
before including in a dynamic GLM.e time required for this will depend on the class of busi-
ness. Modifications of the basic model to permit inclusion of not fully developed data may be a
topic for further investigation. Seasonality adjustments may also be needed.

Monitoring claims experience within this framework has the advantage that not only does it
indicate when new experience differs from previous model results, it also provides new parameter
estimates as a byproduct, which could in principle be used as an input into a pricing algorithm. In
the case of statistical case estimates, it may be possible to alter the claim management “strategy”,
e.g. by reviewing the legal panel or changing staff allocations and validate the results.

Figure  shows a simple example of such a monitoring system. We examine a claim size model
for a motor portfolio with the dataset containing , claims across  months. Initially the
model structure was determined using standard tests and goodness of fit measures. A time inter-
action was introduced for the intercept and several of the important parameters. e light grey
lines represent the rather noisy parameter values found from interacting themodel parameterwith
the time variable (month). To overcome the inherent volatility we include a regularisation term
as in (). is acts to ensure the parameter estimates change smoothly over time. e coloured
lines represent the estimates as new data become available, blue being the first estimate at 𝑡 = 25
through to the orange at 𝑡 = 50.

. Competitive position
Insurer’s competitive position in the market can change quickly and yet it is a key input into the
pricing algorithm. Having obtained a sample of competitor quotes, quantities such as expected
value or variance are not readily interpretable and it may be beneficial to move beyond the GLM
methodology. One compelling alternative is to use quantile regression (seeAppendixA) to obtain
models for a range of market positions e.g. th,th,th etc. percentiles directly. It will then be
possible to evaluate themarket position for a given policy by comparing the proposed rate against
the estimated percentiles.

While in principle it may be possible to obtain an arbitrarily large sample of quotes, thus obvi-
ating the need for a dynamic model, there are usually considerable costs involved and some form
of time aggregation may still be needed, e.g.:

minimise 𝜌 (𝑦 − 𝐱 𝐰 ) + 𝜆 ‖𝐰 − 𝐰 ‖ ()
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0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50

Figure : Sample output of a basic monitoring system. Additional details are in the main text.
Each coloured line represents the model view of the historical values of the associated parameter.
Colour gradient denotes the time at which the estimates are formed. e grey lines in the back-
ground show the parameter values for the models fit independently to each month’s data. Bottom
right: is is the intercept term, including a monthly seasonal adjustment

One also could apply quantile regression to determine if any significant risk factors aremissing
from an existing pricing model. is can be accomplished by fitting models using known risk
factors to high and low quantiles of a single competitor’s rates. Large differences indicate areas for
investigation.

 Algorithms
All of the problems described in this paper can be solved using standard algorithms [BV] devel-
oped for convex optimisation. ere are many high quality open source and commercial solvers,
including , ,  and . As a rule these require problems to be con-
verted to one of several standard forms (e.g. a second order cone program) but this step can be
automated by using , an excellent open source modelling system [GB, GB] for general
convex optimization. It provides a convenient language for specifying convex problems and per-
forms necessary mathematical steps to transform them into one of the forms that can be passed to
a solver. It is oen possible to work with sparse instances having millions of variables.

Due to some limitations in the way the current version of  deals with problems that are
not SDP representable (e.g. loss functions involving logarithms and exponentials) for large prob-
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lems it may sometimes be necessary to implement a simple iterative reweighting scheme similar
to Fisher scoring, such as in [LLAN], with  in the inner loop. For very large problems de-
composition methods are available, see [BPC ] for an accessible introduction and examples.

Appendix

A uantile regression

One interpretation of the least squares procedure () is that it estimates the conditional mean
of 𝑦 given the data vector 𝐱 . Regression with the asymmetric quantile [Koe] loss function 𝜌
on the other hand results in estimates approximating the conditional 𝜏-th quantile of the response
variables 𝑦 .

ℒ(𝑦 , … , 𝑦 ; 𝑋𝐰) = 𝜌 (𝑦 − 𝐰 𝐱 ), 𝜌 (𝑢) = 𝜏𝑢, 𝑢 > 0
−(1 − 𝜏)𝑢, 𝑢 ≤ 0 ()

When 𝜏 is equal to 0.5 and corresponds to the median, quantile regression is equivalent to the
method of least absolute deviations which estimates 𝐰 by seeking to minimise ‖𝐲 − 𝑋𝐰‖ . We
should note that quantile regression appears quite attractive for a number of practical applications
(e.g. insurance) as it can provide a non-parametric estimate of the full conditional distribution of
the dependent variable and can deal with such issues as concentration of probability mass at a
certain point.

B Exponential families

Let us consider an exponential family distribution on 𝒴:

𝑝(𝑦|𝐰) = ℎ (𝑦) exp 𝑤 𝜙 (𝑦) − 𝐴(𝐰) . ()

In this context the non-negative function ℎ is the base or carrier measure, 𝐰 ∈ ℝ are the model
parameters, 𝜙(𝑦) = [𝜙 (𝑦), … , 𝜙 ] is the vector of sufficient sttics and 𝐴(𝐰) is the logarithm of
the normalizing constant or the log-partition function, namely:

𝐴(𝐰) = log exp 𝑤 𝜙 (𝑦) ℎ (𝑦)𝑑𝑦 , ()

with summation replacing the integral for discrete distributions. It is easy to see that given an
independent sample (𝑥 , … , 𝑥 ) the maximum likelihood parameter estimation problem can be
written as:

minimise ℒ(𝐲; 𝐰) = 𝐴(𝐰) − 𝑤 𝜙 (𝑦 ) . ()

It is a standard result that log-likelihood of distributions in the exponential families is concave
in the natural parameters [Bro, WJ]. e solution is then characterised by the first order
optimality conditions:

∇ ℒ(𝐲; 𝐰 ) = 𝜙(𝑦 ) − 𝑛∇ 𝐴(𝐰 ) = 0 ()
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which imply that:

∇ 𝐴(𝐰 ) = 𝔼 𝜙(𝑦) = 1
𝑛 𝜙(𝑦 ), ()

or that the method of maximum likelihood applied to an exponential family distribution seeks
to find a parameter vector 𝐰 such that the expected value of the sufficient statistics vector 𝜙(𝑦)
under 𝑝(𝑦|𝐰 ) matches its sample average.

C Conditional exponential families

Below we discuss convexity properties of conditional exponential families, closely related to gen-
eralized linear models.

Consider an exponential family distribution on 𝒴 × 𝒳:

𝑝(𝑦, 𝑥|𝐰) = ℎ (𝑦, 𝑥) exp 𝑤 𝜙 (𝑦, 𝑥) − 𝐴(𝐰)

= ℎ (𝑦, 𝑥)
exp ∑ 𝑤 𝜙 (𝑦, 𝑥)

exp 𝐴(𝐰) .
()

In this context the non-negative function ℎ is the base or carriermeasure, 𝐰 ∈ ℝ are the model
parameters, 𝜙(𝑦, 𝑥) = [𝜙 (𝑦, 𝑥), … , 𝜙 (𝑦, 𝑥)] is the vector of sufficient sttics and 𝐴(𝐰) is the
logarithm of the normalizing constant or the log-partition function, namely:

𝐴(𝐰) = log exp 𝑤 𝜙 (𝑦, 𝑥) ℎ (𝑦, 𝑥)𝑑𝑥𝑑𝑦 , ()

with summation replacing the integral for discrete distributions. For reasons such as data and
computational limitations, we may instead wish to directly estimate the conditional probability:

𝑝(𝑦|𝑥, 𝐰) = ℎ (𝑦, 𝑥) exp 𝑤 𝜙 (𝑦, 𝑥) − 𝐴(𝐰|𝑥) , ()

with conditional log-partition function given by:

𝐴(𝐰|𝑥) = log exp 𝑤 𝜙 (𝑦, 𝑥) ℎ (𝑦, 𝑥)𝑑𝑦 . ()

Note that the sufficient statistics that do not depend on 𝑦 can effectively be omitted as the choices
of associated parameters do not influence the conditional densities. Given a collection of inde-
pendent samples (𝑦 , 𝑥 ) ∈ 𝒴 × 𝒳 for 𝑖 = 1, … , 𝑛, the joint conditional probability can be written
as:

𝑝(𝑦 |𝑥 , 𝐰) = ℎ (𝑦 , 𝑥 ) exp 𝑤 𝜙 (𝑦 , 𝑥 ) − 𝐴(𝐰|𝑥 ) , ()

giving rise to the following maximum log-likelihood estimation problem to find parameters 𝐰:

minimize 𝐴(𝐰|𝑥 ) − 𝑤 𝜙 (𝑦 , 𝑥 ) . ()

e above objective is convex being a sum of linear terms and the convex log-partition functions.
e latter are convex in 𝐰 by an extension of the so max rule (see ??).

In this formulation 𝒴 is not restricted to be equal to ℝ or to a small set of discrete outcomes but
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can also represent more complex structured objects, e.g. all possible parts of speech assignments
for a particular sentence. is type of models is commonly referred to as a conditional random
field [SM] and is likely to prove quite fruitful in insurance applications.

To recover the (now classical) generalized linear models ofWedderburn and Nelder, consider
the case when𝒳 = ℝ , the carrier measure ℎ does not depend on 𝐱 andwith a particularly simple
choice of sufficient statistics:

𝜙 (𝑦, 𝐱) = 𝑦𝑥 . ()

We can then rewrite () as a single parameter exponential family with respect to 𝐰 𝐱 in the
following way:

𝑝(𝑦|𝐱, 𝐰) = 𝑝(𝑦|𝐰 𝐱)
= ℎ (𝑦) exp 𝑦𝐰 𝐱 − 𝐵(𝐰 𝐱) ,

()

with the log partition function:

𝐵(𝜃) = log exp 𝜃𝑦 ℎ (𝑦)𝑑𝑦 ()

and giving rise to the following maximum likelihood parameter estimation problem:

minimize ℒ(𝑦; 𝑋𝐰) = 𝐵(𝐰 𝐱 ) − 𝑦 𝐰 𝐱 . ()

e usual relation between the natural parameter and the expected value of 𝑦 obtains:

𝔼(𝑦|𝐱, 𝐰) = ∇ 𝐵(𝐰 𝐱), ()

with ∇ 𝐵 being the canonical link function.
ere are two remaining incompatibilities between conditional randomfields and generalized

linear models, however. Firstly GLMs are based on the so called exponential dpersion families
[Jør]:

𝑝(𝑦|𝐱, 𝐰, 𝜆) = ℎ (𝑦, 𝜆) exp 𝜆 𝑦𝐰 𝐱 − 𝐵(𝐰 𝐱) , ()

rather than exponential families considered up to this point.
For the fixed dispersion parameter 𝜎 = 𝜆 this class of models coincides with single pa-

rameter exponential families. is is oen the case, e.g. when 𝜎 represents a known number of
observations for the binomial distribution. If 𝜎 is not known and is to be estimated, the resulting
log-likelihood is not in general jointly concave in 𝐰 and 𝜎 , unlike that for conditional random
fields. One way to overcome this limitation is to consider the overlapping class of two parameter
exponential families, which includes many standard distributions and also provides means to deal
with overdispersion [DGP].

Another difficulty is with regard to the link function - convexity of the negative log-likelihood
does not necessarily hold for choices other than the canonical link. Even in this case, however, for
all of themodels described in this paper local solutions can be obtained using sequential quadratic
approximation (variants of which are known as iteratively reweighted least squares and Fisher
scoring). It is worth remembering that none of the methods implemented in existing statistical
soware provide guarantees of global optimality in this situation either.

At least in computer science literature on “machine learning” (a variant of computational statistics with a strong focus
on out of sample performance) and natural language processing.
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D Density ratios for exponential families

e use of logistic regression for direct density ratio estimation was proposed by Qin [Qin] in
the context of experiment evaluation. Consider a ratio of two exponential family distributions:

𝑝(𝐱|𝜃 )
𝑝(𝐱|𝜃 ) =

exp 𝜃 𝜙(𝐱) − 𝐴(𝜃 )

exp 𝜃 𝜙(𝐱) − 𝐴(𝜃 )

= exp (𝜃 − 𝜃 ) 𝜙(𝐱) − 𝐴(𝜃 ) + 𝐴(𝜃 )
= exp(𝐰 𝜙(𝐱) + 𝑏)

()

Rather than recovering the densities involved, it might be easier to estimate 𝐰 = 𝜃 − 𝜃 , 𝑏 =
𝐴(𝜃 ) − 𝐴(𝜃 ) directly from data, ignoring the fact that both 𝐰 and 𝑏 are in fact both dependent
on 𝜃 , 𝜃 . We attempt to reduce this problem to the standard logistic regression. Consider a cate-
gorical random variable 𝑦 such that 𝑝(𝑦 = 𝑘) = 𝜋 . We then assume the following form for 𝑝(𝑦|𝐱)
with an (unknown) parameter vector 𝐰:

𝑝(𝑦 = 1|𝐱) = exp 𝐰 𝜙(𝐱) + 𝑏
1 + exp (𝐰 𝜙(𝐱) + 𝑏)

𝑝(𝑦 = 0|𝐱) = 1
1 + exp (𝐰 𝜙(𝐱) + 𝑏)

()

Having set 𝑦 = 𝑘 for samples drawn from 𝑝(𝐱|𝜃 ) and given that there are 𝑛 samples in total,
we can obtain estimates �̂�, �̂� directly from data by minimising the corresponding negative log-
likelihood, which coincides with logistic regression:

ℒ(𝐲; 𝐰, 𝑏) = − log exp(𝐰 𝜙(𝐱 ) + 𝑏)
1 + exp(𝐰 𝜙(𝐱 ) + 𝑏) − log 1

1 + exp(𝐰 𝜙(𝐱 ) + 𝑏)

= log(1 + exp(𝐰 𝜙(𝐱 ) + 𝑏)) − 𝑦 (𝐰 𝜙(𝐱 + 𝑏)) .
()

en by the Bayes rule we can write:

𝑝(𝐱|𝑦 = 1)
𝑝(𝐱|𝑦 = 0) = 𝑝(𝑦 = 1|𝐱)𝜋

𝑝(𝑦 = 0|𝐱)𝜋

≈ ̂𝜋
̂𝜋 exp �̂� 𝜙(𝐱) + �̂� ,

()

which provides a direct estimate of the density ratio () aer correcting for the difference in
sample sizes.
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